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The apparent sedimentation coefficient, s*, and its distribution function, g(s*), within -co < s* <

Background regarding simulations

The data presented here were generated by simulations (Moody, 2012). The method of
simulation is an implementation of an integral, finite-element solution to the relevant continuity
equation (Moody, 2011a, 2011b). The method is built on that which Claverie, Dreux and Cohen
(1975) described in their solution to the Lamm equation, but differs in several respects. To
correctly implement their concentration dependence, the transport coefficients are defined as
spatially-independent parameters. To correctly evaluate the concentration-dependent transport
coefficients at the time to be evaluated, the concentrations are calculated iteratively. By such an
evaluation of the concentration-dependent transport coefficients at both the time already
evaluated and the time being evaluated, the accuracy of each new set of concentrations is
maximised. Computational artefacts are reduced by first calculating all concentrations in one
order, then recalculating all concentrations in the opposite order, and averaging the results. For
the cylindrical coordinate system of analytical ultracentrifugation, simpler results of integration
are obtained by using one-half the square of the radial position, rather than the radial position, as
the spatial parameter of the continuity equation (Moody, 2011a). For the rectangular coordinate
system of membrane-confined electrophoresis, the time-and-distance-dependent continuity
equation yields results of integration that are simpler than those obtained from the Lamm
equation, which is the time-and-radial-position-dependent continuity equation that pertains to
analytical ultracentrifugation (Moody, 2011b). Additionally, a simple coupled-flow equation has

been implemented.



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

g(s*) analysis of data obtained by analytical ultracentrifugation

The data collected during analytical ultracentrifugation (AUC) include the values of a dependent
variable related to the total mass concentration, c, of all solutes, and the corresponding
independent variables of time, t, and radial position, r. Data regarding rotor speed, temperature

ac ac
d

and other parameters that are likely to affect ( r) and (6t) are also recorded. The
t r

proportionality between an experimentally measured signal and a specific solute concentration
may vary from one solute to another. For example, it is often the case that some solutes, such as

buffer salts, are completely undetectable, or nearly so.

Regardless of how the signal relates to c, the analysis of AUC data can be viewed as an attempt to
describe a system without reference to most of the experimental parameters. Such a description
is nearly achieved by g(s*) analysis, which is to say, the analysis of AUC data in terms of the
apparent sedimentation coefficient, s* and its distribution function, g(s*). In essence, g(s*)
analysis is a transformation of AUC data that minimises all effects that depend onr, t or rotor
speed. As in practically all methods of analysis of AUC data, reference to temperature and solvent
remains unavoidable. Reference to concentration is not really avoidable, either, but the results of
g(s*) analysis can be normalised with respect to total signal. Such normalisation can be useful

when comparing the results of g(s*) analysis obtained from systems that vary with respect to c.

Before delving into the details of g(s*) analysis, it is worth noting a time-dependent effect that
results from the system having the geometry of a cylindrical sector. Due to this geometry, over
time, the concentration of a negatively-buoyant solute decreases in the region between its zone of

depletion and the pellet that accumulates toward the base of the system, while the concentration
2
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of a positively-buoyant solute increases in the region between its zone of depletion and the
supernatant that accumulates toward the meniscus of the system. Collectively, these

geometrically rooted phenomena are referred to as the radial dilution/concentration effect.

Each value of s* is a combined transformation of a value of r, a value of t, the rotor speed, and a
reference position. By definition, s* is equal to the sedimentation coefficient of a
thermodynamically ideal solute that, in the limit of zero diffusion, would exhibit a hyper-sharp
boundary in its concentration at a specific radial position and a specific time. There are two
possible orientations of that hyper-sharp boundary, one of which would arise from a positively-
buoyant solute for which s* is less than zero, the other of which would arise from a negatively-
buoyant solute for which s* is greater than zero. Thus, each value of s* describes the behaviour of

a step function that can represent a hypothetical solute concentration in an all-or-none fashion.

Henceforth, a hypothetical solute is defined as an imaginary, thermodynamically ideal, non-
diffusing solute characterised by an s* value and a constant of concentration. Of the two
oppositely signed s* values that correspond to a transition in a hypothetical solute concentration
at radial position r and time t, the one having s* < 0 corresponds to the transition for which the
hypothetical solute concentration at time t is zero at all radial positions greater than r, and the
one having s* > 0 corresponds to the transition for which the hypothetical solute concentration

at time t is zero at all radial positions less thanr.

A hypothetical solute can be said to exhibit a zone of depletion where its concentration is zero,
and a plateau region within which its concentration is greater than zero and independent of

radial position. The concentration of a hypothetical solute in its plateau region is, by virtue of
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being independent of radial position, called its plateau concentration. The plateau concentration
of a hypothetical solute is equal to a value that, due to the radial dilution/concentration effect,
depends on time. One time-independent exception is a hypothetical solute for which s* = 0. A
seemingly trivial time-independent exception is a hypothetical solute for which the concentration

is zero above and below what would otherwise be its transition.

The data transformation obtained by g(s*) analysis takes the radial dilution/concentration effect
into account, albeit imperfectly. To within some approximation, however, g(s*) analysis reveals
the relationship between s* values and the initial concentrations of the corresponding,
hypothetical solutes. With the possible exceptions of the extreme time points, the number of s*
values is infinite at any given time. Thus, within a g(s*) distribution, for any given hypothetical
solute characterised by a randomly chosen s* value, the apparent initial concentration is most

likely zero, or of a magnitude attributable to noise.

Given a function to convert between r and s* at any given time (Equation 27), the independent
variables of AUC data can be transformed from t and r to t and s*. It is then possible to plot c
versus s* at time t, but in doing so, the value of c at any single radial position at that time will map

to the two values of s* that are calculated for that radial position and time. Likewise, following

such a transformation, it is straightforward to obtain the derivative, (i) , which is single-valued
t

when viewed as a function of s*, but is double-valued when viewed as a function ofr.

. . ] . ] .
At any given time, where |(a—;) | is greater than zero at some value of r, |(£) | will be greater
t t
2
P)

than zero at the two values of s* calculated from that value of r, but the sign of ( S*) will match
t
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the sign of just one of those s* values. The s* value where the signs of (%) and s* match will be
t

ac
as*

. . d
the s* value that matches the orientation of (i)

at the corresponding r value. Each ( ) that
t

t

ac
ds*

matches the sign of s* is deemed essential with respect to calculating g(s*). Each ( ) that is
t

opposite in sign to s* is deemed redundant, and a value of zero is used in its place when

calculating g(s*). At any given time, half of the nonzero (%) values will be deemed essential,
t

and half will be deemed redundant.

Nullifying the redundant nonzero values of (%) , and modifying the remaining values in an
t

effort to reverse the effects of radial dilution/concentration, yields g(s*). The integral of |g(s*)|
with respect to s* yields the cumulative distribution function, G(s*), which equates to a
substantially time-normalised, but not entirely time-independent, measure of the concentration
of all solutes for which the apparent sedimentation coefficient is less than or equal to s*, but

greater than or equal to the minimum possible value (Equation 35) of s* at some specific time.

Previous derivations (Bridgeman, 1942; Stafford, 1992, 1994, 2000) of g(s*) encompassed values
of s* > 0. In the derivation described here, g(s*) is extended to include values of s* < 0. As will be
shown, when applied to data spanning a short time frame, and in the absence of fitting for time-
independent noise, the Is-g(s*) function (Schuck & Rossmanith, 2000) obtained by least squares

boundary modeling is nearly identical to |g(s*)|.

An overview of the remaining contents
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Following a general description and derivation of g(s*) and related functions (Equations 1 to 38;
Figure 1), nearly noise-free data from simulations are subjected to g(s*) analysis. In the first set
of examples, a concentration-independent system is used to show each step of g(s*) analysis
(Equations 39 to 45; Figures 2 to 22), and to illustrate some complications that can occur with
relatively simple systems (Figures 23 to 31). To show the effects of concentration dependence on
g(s*) results, a more complicated system is used in a subsequent set of examples of g(s*) analysis
(Figures 32 to 39). A set of equations describing c as a collection of step functions is then

presented, and g(s*) is described in terms of derivatives of those step functions (Equations 46 to

87). Next, the effects of radially-independent (RI) and time-independent (TI) noise on (%) ,
t

determined from finite-difference forms of spatial (Equation 3) or temporal (Equation 6)
derivatives, are explored in some detail (Equations 88 to 99; Table 1; Figures 40 to 50). Lastly,
the analogue of g(s*) that pertains to membrane-confined electrophoresis is described

mathematically (Equations 100 to 170).
Basic derivations of g(s*)

Bridgeman’s (1942) derivation of g(s*) starts with the total differential of c with respect to r and

t,

d _(6C> d +(6c> dt
“=\6r), " T \ac).

(D

At constant t, this equation reduces to

d _<aC) d
Ce = ar), T.
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(2)
Thus, where c is defined as a function of r and t, the partial derivative of c with respect to s* at

constant t, obtained through division by an infinitesimally small change in s* at constant t, is

().~ @), )

(3)

The functional form of s* can be derived from the equations of continuity and mass flow that
apply to AUC. Detailed descriptions of these equations can be found in many places, including the
reference relied upon here (Moody, 2011a). As will also be shown (Equation 27), s* can be

described entirely in terms of r, t and the angular velocity, w. (The relationship between rotor

speed and w is given by Equation 11.) From s* described in those terms, (%) is derived.
t

. d 0 . . .
Equation 3 shows that (i) can only be nonzero where (a—;) is nonzero. The orientation of
t t

d L . . 0 . . . . .
(i) is given by its sign. Where (a—;) > 0, its orientation is that of a negatively-buoyant solute.
t t

d . . . . ‘s
Where (a—i) < 0, its orientation is that of a positively-buoyant solute.
t

As previously noted, for a given radial position r at time t, there are two oppositely signed values
of s* that, if respectively equal to the sedimentation coefficients of two oppositely directed,
thermodynamically ideal solutes with vanishingly small diffusion coefficients, would lead to the
expectation of two oppositely oriented, hyper-sharp transitions in concentration at that position

at that time. The thermodynamically ideal solute for which the signs of s* and (%) are the same,
t

if given a diffusion coefficient of the appropriate value greater than zero, would exhibit a spatial

7
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derivative of its concentration that is equal to (i) at position r and time t, so that the s* value of
t
ac
d

this solute reflects both the location and orientation of ( T) . In contrast, the thermodynamically
t

ideal solute for which the signs of s* and (%)t are opposite, if given any diffusion coefficient

greater than zero, would exhibit a spatial derivative of its concentration that is opposite in sign to

that of (%)t at position r and time t, so that the s* value of this solute reflects the location but not
ac
F)

the orientation of( T) )
t

As has been stated, and as will be shown in some detail, all nonzero values of g(s*) are calculated

0 0 . : .
C) but not all nonzero values of (f) are included in the calculation
t

from nonzero values of (65* ,
t

ac
ds*

of g(s*). Those nonzero values of( ) that do contribute to g(s*) are deemed essential, while
t

. 0 .
those that do not are deemed redundant. Essential nonzero values of (i) will be found where
t

s* reflects both the location and the sign of (%) . Redundant nonzero values of (%) will be
t t
found where s* reflects the location but not the sign of (%) .
t

As will be shown (Equation 28), the signs of (%) and (%) must be the same, or (%) and
t t t

ac
das*

(ac*) must both equal zero. Thus, if the signs of s* and ( ) are the same, (ac
ds t t

) is essential. In
ds t

. . ] . ac\ . . .
contrast, if the signs of s* and (a:*) are opposite, (asc*) is redundant. (Even if the signs of s* and
t t

d d . . . . . .
(a:*) are the same, (i) might be deemed redundant if, by its magnitude, its value is
t t

attributable to noise.)
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Before moving on to the calculation of g(s*), the time-derivative approach (Stafford, 1992, 1994,

dc

2000) for determining g(s*) will be described up to the point at which (65*

) is obtained. From
t

(aTC) on, the calculation of g(s*) is the same, regardless of which approach is used to obtain
t

Stafford’s (1992, 1994, 2000) derivation of g(s*) starts with the total differential of c with

respect to s*and t,

d —(ac)d*+(ac) dt
“=\os), " "\ar) .

(4)
from which, through division by an infinitesimally small change in t at constant r, the partial

derivative of ¢ with respect to t at constantr,

<6c> _(6c> <65*) +(6c>
at/), \as*/ \ot /), \ot)y'

(5)

is obtained. Solving Equation 5 for (;—C) yields
t

s*

5),~ 1), - ). G,

(6)
Equation 6 can be applied using finite differences in c, t and s*. In the limit as the finite time-

difference approaches zero, Equation 6 and Equation 3 yield identical results.

In yet another approach to obtain (%) , the variables on which c depends can first be
t
9
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transformed from t and r to t and s*, following which, c can be differentiated with respect to s* at

constant t. The result of this latter approach is identical to that obtained by Equation 3.

dc
ds*

Regardless of how it is obtained, ( ) is used identically for the remainder of this section, in
t

which the time dependence of (%) is minimised until all that remains is g(s*).
t

There are four time-dependent effects exhibited by (%) . The first of those addressed here is the
t

time dependence of the positions (in terms of s*) and magnitudes of redundant nonzero values of

(i) . This is the one time dependence that can be unambiguously eliminated, which is
t

accomplished simply by subtracting the redundant nonzero values from (%) . Doing so leaves
t

the nonredundant derivative of ¢ with respect to s* at constant t,

dc
*’ t = - *’ t )
a0 = (557) — el
(7)
. dc ac . .
where e(s*t) is equal (g) wherever and whenever (65*) is redundant, but is equal to zero at all
t t

dac
os*

other s* and t. A test to determine which values of( ) are redundant is described later
t

(Equation 29).

The radial dilution/concentration effect is another time-dependent effect exhibited by (%) ,and
t

is the second such effect addressed here. This is one of the three time-dependent effects that
remain present in q(s*t). With respect to all hypothetical solutes, the radial
dilution/concentration effect can be eliminated. Doing so leaves g(s*), which can thus be

described as the plateau-corrected form of q(s*t), given that the dilution/concentration effect

10
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manifests itself as the time-dependence of plateau concentrations.

The most basic but least practical equation describing g(s*) in terms of q(s*,t) is

9(s)=a(s"0 (E") ,

p,s*
®)
where, for a hypothetical solute with a time-independent sedimentation coefficient of s*, cos* is

the initial concentration throughout the system, and cps+ is the plateau concentration at time t.

Thus, multiplication of q(s*,t) by z"—s yields a product, g(s*,t), that is normalised for the effects of
p.s*
radial dilution or radial concentration that the plateau of the hypothetical solute would have

accumulated by time t. As 50—5 is always positive, the signs of g(s*) and q(s*t) are the same, so
p.s*

that g(s*) differs from q(s*t) solely with respect to magnitude. As will be shown (Equations 31

and 32), zo's* can be described entirely in terms of t, s* and w.
p.s*

The results of normalisation for the radial dilution/concentration may depend on the time, t, at
which Equation 8 is applied to real systems, or simulated systems that model concentration-
dependent transport. Real solutes tend to exhibit concentration-dependent, and thus time-
dependent, sedimentation coefficients, and the real radial dilution/concentration effect depends,
in part, on the sedimentation coefficients of real solutes. Consequently, the contribution of the
radial dilution/concentration effect to the time-dependence of q(s*t) is minimised in, but may

not be entirely eliminated from, g(s*).

In the limit of zero diffusion, the boundary between the solute-depleted and plateau regions of a

11
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real solute concentration would become hyper-sharp. Such a hyper-sharp transition would
produce a sharp spike, upward or downward, in g(s*), and in a concentration-independent
system, the position (s*) and magnitude (|g(s*)|) of such a spike would be time-independent.
Where the diffusion coefficient of such a solute is nonzero, each such spike in g(s*) broadens into
a peak or valley, the central position of which is time-independent in a concentration-
independent system, but the height and breadth of which varies with time, even as the area of the
peak or valley remains stable. This phenomenon, which is discussed next, is one of the two time-
dependent effects that are not minimised in g(s*). The other is concentration-dependent

transport, which is discussed shortly.

dac
ds*

Nonzero diffusion coefficients cause the third time-dependent effect exhibited by( ) ,and is
t

one of the three time-dependent effects exhibited by q(s*t). The effect is due to the fact that the

range of s* (Equation 27; Figure 1) narrows in proportion to %, while the range of r encompassed

by a diffusing boundary region broadens in proportion to % in the simplest, concentration-

independent case (van Holde, 1985). (In terms of c as a function of r and t, a boundary region can

be defined as any region within r where |(a—i) | # 0 at time t.) As a consequence of this effect, in
t

an ideal system, g(s*) peaks grow higher with time, g(s*) valleys grow deeper with time, and in
terms of g(s*) versus s*, the breadth of those peaks and valleys narrows with time, while the area
of each peak or valley remains constant. In the limit of zero diffusion, g(s*) peaks and valleys are
infinitesimally narrow at all times, and in the absence of concentration-dependent transport,

their positions are time-independent.

In q(s*), the radial dilution/concentration effect, in combination with nonzero diffusion

12
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coefficients, causes the area of each q(s*,t) peak to decrease with time, and causes the area of
each gq(s*t) valley to increase with time. Although the magnitude of q(s*t) is more time-
dependent than that of g(s*), the peak and valley positions of the two functions are identical, as

. . . dc . .
are the signs of their nonzero values. The essential nonzero values of (g) are identical to
t

q(s*t) with respect to sign, magnitude and position. The essential and redundant nonzero values

0 . . " .
of (a;*) differ with respect to position only. Compared to the essential nonzero values, the
t

d . . . .
redundant nonzero values of (i) are dislocated to highly time-dependent s* values of opposite
t

sign.

dac
ds*

Concentration-dependent transport causes the fourth time-dependent effect exhibited by( )t,
and is the second of the two time-dependent effects that are not minimised in g(s*). In the
simplest case, compared to a concentration-independent system, concentration-dependent
transport simply adds a time-dependence to the weight-average positions of the peaks and
valleys of q(s*t) and g(s*). Concentration-dependent transport may also skew the shape of a
peak or valley, and a chemical reaction can render the area of a g(s*) peak or valley time-
dependent. Where concentration-dependent transport results in Johnston-Ogston effects, the
number, position and magnitude of peaks and valleys in g(s*) can differ from that which would
be seen otherwise. As with the previous effect, g(s*) and q(s*,t) differ only in magnitude, q(s*t)

.. . . ac ac
is identical to the essential nonzero values of (g) , and redundant nonzero values of (g) are
t t

dac

located at highly time-dependent s* values at which s* (E) < 0 (Equation 29).
t

Undetectable solutes, which do not contribute to the signal by which c (or some quantity related

13
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. . . 0 .
to c¢) can be measured, will not directly contribute to (f) anywhere at any time. No matter
t

what its initial concentration, a solute that does not directly contribute to ( 5 <

S*) will not directly
t

contribute to g(s*). Due to the concentration-dependence of real systems, however, a solute that
does not directly contribute to g(s*) is likely to affect the results observed for all the detectable

solutes. As such, indirect evidence for the presence of undetectable solutes may be observed in

the form of an otherwise inexplicable time-dependence in g(s*).

The third and fourth time-dependent effects, which stem from nonzero diffusion coefficients and
concentration-dependent transport, respectively, are fully present in g(s*). Given that, for any
realistic system, g(s*) is expected to exhibit such time-dependent effects, it might be argued that
g(s*) should be written as g(s*t). Such a change in notation would be useful, in fact, when the
focus is on time-dependent characteristics of that function. For now, however, the customary
notation is retained. After all the explanatory equations are described, illustrative examples of
the above time-dependent effects, and a comparison of |g(s*)| with Is-g(s*), will be shown and
discussed. Later still, the equations describing c as a collection of step functions, to which g(s*)

truly applies, will be presented.
Equations of continuity and mass flow

The Lamm equation, which is the continuity equation for centrifugation in a system with the

geometry of a cylindrical sector, can be written as

), =5 G,
)

14
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where I is the total mass flow of all solutes.

In terms of D and s, the gradient-average diffusion and weight-average sedimentation

coefficients, respectively, for all solute components,

d
I = rswzc—D<—C) ,
ar/:

(10)
where w is the angular velocity of the centrifuge rotor in the reference frame of the centrifuge.

The angular velocity is given by

(11)
where RPM is the rotor speed in rotations per minute. As the angular velocity varies while the
rotor accelerates, it is convenient to define w as the time-independent angular velocity of the

rotor after acceleration, and to define the centrifugation time as

1 [Tclock
t=— f w. dt
w 7o

(12)

(Stafford, 2000), where tis the time in the reference frame of the system, to is equal to twhen
the rotor acceleration starts, Tcock is equal to a specific value of T > To, and w- is the time-
dependent angular velocity of the rotor. As w: = 0 at to, t = 0 at to. (Henceforth, to is used to
denote t = 0.) Once rotor acceleration has stopped, w- is equal to w, and remains equal to w for

an extended time.

15
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.. , , . 0
The continuity equation in the limit as (i) approaches zero
t

. 0 . ‘s . e f0
In regions of the system where (a_-i) = 0, which condition can only persist if (ﬁ) = 0 wherever
t t

(a_c) = 0, Equations 9 and 10 lead to
ar t
dc dc
g () ==
(W)t—m r
(13)

To describe this condition in detail, let the lowest and highest radial positions of a region where
Equation 13 holds be denoted as rmin and rmayx, respectively, where, in general, rmin and rmax are
time-dependent. Within a time-dependent region where Equation 13 holds, which is to say,
within rmin < 1 < rmax, ¢ = ¢p, where cp is the time-dependent plateau concentration. The plateau

concentration is the total concentration of all solutes within rmin < r < rmax, and its time

. o . . . a
dependence stems from the radial dilution/concentration effect. At any given time, (%) =0
t

For the systems considered here, at to, at all r, c = co, where co is the initial total concentration of
all solutes. Thus, cp = cp at to, at which time, r'min = 'm and rmax = b, where rn is the radial position

of the meniscus, and 1y, is the radial position of the base of the system. (All r lie within rm and rv.)

Within any region where Equation 13 holds, the equation can be solved by separation of
variables and integration. Assuming that any apparent dependence of s on t is really a

dependence of s on ¢, such a solution takes the form of

% dc " tp
.f —=—-2w dt,
C

0 N to

(14)

16



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

where the right-hand side evaluates to -2w?tp, and t is the time at which ¢ = ¢, within rmin <1 <
I'max. The left-hand side cannot be evaluated without knowing the function that describes the
dependence of s on c. In what follows, however, a realistic description of s is not needed, as what
is sought is a function that quantifies the distribution of the solute components with respect to an

independent variable, s*.

At a given time and radial position, there are as many concentration-dependent sedimentation
coefficients as there are solute species, and s is equal to their weight average. Instead of
describing the system in terms of this finite number of concentration-dependent sedimentation
coefficients that underlie s at a given time and radial position, the system is described in terms of
an infinite number of apparent sedimentation coefficients, each of which is concentration-
independent. Each apparent sedimentation coefficient, s*, satisfies an equation,

Cp,S* dcs* i 5 tp
=—-25"w dt,
c Cs* t

0,s* 0

(15)

in which cs is the concentration of a hypothetical solute characterised by s* in the limit as D*, the
diffusion coefficient of that solute, approaches zero. There is an infinite number of such integrals.
At to, within ry < 1 < 1y, cs+ would equal cos+. More generally, at t,, within rmin < 1 < rmax, ¢s+ would

equal cps.

The right-hand side of Equation 15 evaluates to -2s*w?tp, and the left-hand side evaluates to

In (Cp—s> Solving for cp s+ yields

Co,s*

(16)

17
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The exponential term is equal to the extent of radial dilution (if s* > 0) or radial concentration (if

s* < 0) that would be observed from to to t, in the plateau region of a purely hypothetical solute

characterised by a concentration-independent sedimentation coefficient of s* and an initial (t =
CO,

to) concentration of cos+ Solving Equation 16 for C—S yields an expression of the normalisation
p.s*

factor (for the effects of radial dilution or concentration) of Equation 8 in terms of w, t, and s*.
Solving Equation 16 for s* yields, for t, > to,
* 1 CO,S*
S =5 In .
w2ty Cp,s*

At time t, > to and angular velocity w, and for a given cos+, Equation 17 expresses s* as a function

(17)

of ¢ps%, such that s* < 0 for co s < cps+, s* = 0 for cos* = cps+, and s* > 0 for cosx > cps+. At to, s* is

undefined.

Solving Equation 17 for t, and taking the partial derivative with respect to s* at constant EO'S*
p,s*
yields
atp -1 CO,S* tp
0s* )cosr  2w?s Cp,s* S
Cp,s*
(18)

which, if equal to (%) , is one of the terms needed to make use of Equation 6. A more general
T

expression for (%) will be derived shortly (Equation 30).
T

. . . d
The equation of mass flow in the limit as (a_i) approaches zero
t
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An equation is sought that describes s* in terms of r and t, which are the independent variables of
Equations 9 and 10. To that end, the same limit that was applied to Equation 9 is now applied to

Equation 10.

In the limit as (g—i) approaches 0, Equation 10 reduces to
t

lim [ = csw?r.

(19)

The mass flow, |, is equal to cv, where, in the system frame of reference, v is the weight-average

velocity of all solute components at t and r. Expressing v as % , and dividing Equation 19 by c,

results in
dr
lim v=—=swr
ac dt
(ﬁ)ﬁ"
(20)

Wherever (2) =0, (E) = 0, in which case, if the functional form of the t-dependence of s were
or t or t

known, Equation 20 might be solved by separation of variables and integration. Such a solution

would take the form of

Ts dr 5 ts
—=w sdt,
T r t

0
(21)
where ro would be the extreme radial position away from which a hypothetical solute with a

sedimentation coefficient of s would travel, and at time ts, rs would be the radial position of the
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transition in the concentration of that solute in the zero-diffusion limit.

As the relationship between s and t is complicated, Equation 20 is solved using the same
approach applied to the similar problem presented by Equation 13. The c-dependent parameter,
s, in Equation 20 is replaced with an infinite number of c-independent, and therefore t-
independent, s* values, resulting in an infinite number of integrals, each of which applies to a

hypothetical solute, and each of which is given by

Tx d,r. . ts*
—=s5"w dt,
To r t

0
(22)

where 1y is the extreme radial position (rm for s* > 0, and rp for s* < 0) away from which a
hypothetical solute of sedimentation coefficient s* travels, rs+ is the radial position of the
transition in the concentration of that solute in the zero-diffusion limit, and ts+ is the time that

corresponds to the location of that transition at rs-.

For each such hypothetical solute, ro = 1 if s* < 0, and ro = rm if s* > 0. At time ts+, at radial
position rs+, each such solute exhibits a transition in concentration from 0 to cps+, where cp s+ is the
plateau concentration of that solute at ts+. (The parameter t, in Equation 15 is thus readily
equated to the parameter ts« in Equation 22, and both will shortly be equated to t.) At any given
time, the concentration of such a solute could be described by a step function equal to 0 from ro
to rs+, and equal to cps* from rs+ to the extremity at the opposite end of the system from ro. (The

extremity at the opposite end of the system from ro is rm if ro = rp, or at rp if ro = rm.)

The right-hand side of Equation 22 evaluates to s*w?ts+, and the left-hand of Equation 22
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Isr

evaluates to In ( ) Solving for rs+ yields

To
re = rpes @t

(23)

which describes the boundary position (the transition point of the corresponding step function)

that would be observed for a purely hypothetical solute characterised by a sedimentation

coefficient of s*, in the limit as D* (the solute’s diffusion coefficient) approached zero.

If analytic solutions of Equations 14 and 21 existed, they would only apply to a plateau region. In
contrast, Equations 16 and 23, which are the analytic solutions of Equations 15 and 22,
respectively, can be applied to the entire system. Thus, a description of the whole system is
gained at the remarkably low cost of having to cast that description in terms of an infinite set of

imaginary, nondiffusing, concentration-independent solutes.

Based on Equations 16 and 23, the relationship between the plateau concentration and the
boundary position of a hypothetical solute of sedimentation coefficient s*, in the limit as D*

approaches zero, can be described by
0 at {r < T =T1eS Ot for s* > 0} A
! r>re =re5 9 fors* <0

*, 2 .
L . {r > 71 =1,e5 9l for st > O}J
Cps a
DS *,02¢
r<re=1,e5 "% fors* <0

CS* =

(24)

Equation 24 describes cs as a step function with a time-dependent height of cps (Equation 16),

and a time-dependent transition at roes*“’zts* (Equation 23), where ro = riy for s* > 0, and ro =1y
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for s* < 0. Over time, for s* # 0, the region in which cs+ = 0 expands from ro to roes*“’zts*. While cg+

an'S*

depends on r and t, cps+ depends on t and cos+ (Equation 16). Thus, ( P

) = 0. As there is an
t

infinite number of s* values, at any given time, there is an infinite number of step functions, each
given by Equation 24. The sum of all such step functions at a given time yields c as a function of r

at that time.

A real incarnation of a hypothetical solute would accumulate as either a pellet (from r, to some
point back), if negatively buoyant, or a supernatant (from rn, to some point forward), if positively
buoyant. Thus, for a real solute, either the pellet or supernatant concentration would exceed the
plateau concentration. Each hypothetical solute, however, is only permitted one of two possible

concentrations, which are 0 and cp .

In data obtained from real systems, or realistically simulated systems, including the pellet and
supernatant in the regions subjected to g(s*) analysis results in nonzero cps values being found
toward the extrema (Equations 35 and 36) in s* at any given time. Such nonzero cps values
toward the extrema in s* can be misleading, however, as all that can be said of the solutes in a
pellet is that their sedimentation coefficients would be greater than or equal to zero if relocated
to the radial position just below the pellet, and all that can be said of the solutes in a supernatant
is that their sedimentation coefficients would be less than or equal to zero if relocated to the

radial position just above the supernatant.

Transforming the independent variables from r and t to s*and t
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Solving Equation 23 for s* yields

(25)

For each time, t, the set of all radial positions, r, is now equated to the set of boundary positions,
rs+, needed to transform the independent variable r to the independent variable s*. Replacing rs+
and tsx of Equation 23 with r and t, respectively, results in

r=ryes @'t

(26)

which, solved for s*, yields

(27)
At a constant (and nonzero) w, s* is a function of t, r and ro, such that s* < 0 forro > r, s* = 0 for

. r .
ro =1, s* > 0 for ro <r, and for a given value ofr—, |s*| decreases as t increases. As rm and rp are
0

the two possible values of ro, at a given w2t > 0, for each radial position r within rm < r <, there
are two values of s*. For each radial position r within r, < r < rp, at a given w?t > 0, there is one
negative and one positive value of s*. For r = rn, one s* equals zero and the other is less than zero
at any w2t > 0. For r = rp, one s* equals zero and the other is greater than zero at any w?t > 0. Ata
given w2t > 0, the minimum value of s* occurs where r = ry and ro = 1, while the maximum

value of s* occurs where r =, and ro = rm. At to, s* is undefined for all r. As can be seen by

equating — ﬁ In (:—b) to ﬁ In (rL) and solving for r, there is one radial position, r = (rmrv)%>, for

m

23



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

which, at any given time, the positive s* equals the absolute value of the negative s*. Figure 1

illustrates the relationship between t, r and s* at 60,000 RPM, r,m, = 6 cm and rp = 7.2 cm.

As previously discussed, the time-dependent effects of nonzero diffusion coefficients and
concentration-dependent transport are fully present in g(s*). To these can be added the trivial
time dependence that results from the extrema in s* approaching zero as time approaches

infinity (Equation 27; Figure 1).

2.00E-011 »

1.50E-011 »

1.00E-011 »

5.00E-012 »

0.00E+000

-5.00E-012 -

-1.00E-011 -

-1.50E-011 -

-2.00E-011 -

s* (seconds)

6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)

Figure 1. The dependence of s* on radial position at times t; = 210 s ( ), T2 =2t1 ( ) ta=

4t ( ), ts = 8ty ( ), tie = 16t1 ( ) and tz2 = 32t1 (. ), for a system in whichrm =6

cm, rp, = 7.2 cm, and w is that calculated (by Equation 11) for 60,000 RPM. (Figure 10 also
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illustrates the relationship between t, r and s*, but with the r and s* axes exchanged.) As s* is
inversely proportional to t (Equation 27), the range of s* decreases with time, with the extrema
approaching s* = 0 symmetrically from above and below as t approaches infinity. Going
backwards in time, as t approaches zero, all s* approach either -o or o. As noted with respect to
Equation 27, at any given time, there is one radial position, r = (rmrp)?5, for which |s*| is the

same, whether s* < 0 or s* > 0. (In the example shown here, (rmr,)%5 = 6.573 cm.)

ac
ds*

Determining q(s*t) from ( ) , and expressing g(s*) in terms of q(s*t), r, t and w
t

Differentiating Equation 26 with respect to s* at constant t yields

or .

(65*) = wltryes ™ = rw?t,
t

(28)

which has the dimensions of a velocity. (Compare Equation 28 with Equation 20.) Where r is

discontinuous or equal to one of its extrema, however, this derivative is ill defined. (See Figure

10.)

According to Equation 28, (%) must be greater than zero at all t > to. Therefore, as Equation 3

)t=

. : : ] :
discussed with respect to Equation 3, nonzero values of (i) that contribute to g(s*) are
t

states that (

dac
S*

5 (ac)t (6r )t, the sign of (%)t must be determined by the sign of (%) .As

5 ds* t

deemed essential, while those that do not are deemed redundant.

. ] .
Essential nonzero values of (i) are found where s* reflects both the location (r) and the
t
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. . . 0 0
orientation (sign) of (i) . Redundant nonzero values of (%) are found where s* reflects the
t t

location but not the sign of (a_-i) . This distinction provides the basis for a test parameter,
t

i dac
QOste =5 (65*>t '

(29)

d . . . . .
If Qs+ >0, (i) is essential and e(s*t) is equated to zero, but if Qsx: < 0, e(s*,t) is equated to
t

(::*)t. By definition (Equation 7), q(s*,t) is equal to (%)t minus the redundant values of (aasc*)t

. . d .of0 . . .
collected in e(s*t). Thus, q(s*t) is equal to ( C) if (ﬁ) is essential, and zero otherwise.
t

ds* t

The relationship between q(s*t) and [(%) — (%) ] of Equation 6 becomes clear once (:St*)
T S r

has been expressed in terms of s* and t. Solving Equation 26 for t and differentiating with respect

to s* at constant r yields

(), =)= -5
(30)

which, for t = tp, is the same result obtained in Equation 18. As t cannot be less than zero,

at
das*

Equations 18 and 30 show that the signs of( ) and s* are always opposite. Given this, and
T

. . . . . 0 .
given the relationship (Equation 29) between s* and essential nonzero values of (a:*) , it follows
t

: . ] : ] :
that the sign of any essential nonzero value of (i) and the sign of (%) must be opposite at any
t r

)t = [(%)r - (%)S*] (%)r, the difference,

3 a ) F
[(a—i) - (a_(;) ] must be less than zero for all essential nonzero values of (i) , and must be
r s* t

ac

time after to. Thus, in Equation 6, which states that ( 5%
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]
greater than zero for all redundant nonzero values of (i) .
t

Equating the right-hand sides of Equations 17 and 25, at t = t, = ts, the relationship,

2
Cos* (7"5*)
- )
ijs* )

(31)
is obtained. In combination with either Equation 16 or Equation 23, Equation 31 permits

Equation 8 to be rewritten in various forms, such as
* * 1 * s*w?t)?
9(5)=Q(S;t)(m)=CI(S,t)(€ ) -
(32)
Equation 32 shows that the sign of g(s*) is determined solely by q(s*,t). As noted with respect to

Equations 7 and 29, q(s*,t) is equal to (%) minus the redundant values, so that q(s*t) is equal
t

5} . 0 .
to (i) wherever the signs of s* and (i) are the same. Thus, where g(s*) is not equal to zero,
t t

the signs of s* and g(s*) are the same.
Concentration change across a transition point (rs+), and concentration within an s* range

A real boundary may encompass multiple species’ boundaries, each of which is broadened by
diffusion and affected by the concentration of each species present. In g(s*) analysis, such a
boundary is modeled as a set of hyper-sharp transitions in concentration, where each transition
corresponds to a hypothetical solute characterised by a concentration-independent
sedimentation coefficient of s*, an initial concentration of cos+ and a diffusion coefficient that

approaches zero.
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At a given time, t, the difference in the detectable concentration between two adjacent plateau
regions separated by a boundary is Act, where the subscript t indicates a time-dependent

quantity. For a boundary located between g~ andr

ACt=f
S

X
Sabove’

Sabove ( dc )
ds”,
t

*

*
below

(33)

* *
where Spo10, and Sgpope are calculated fromrg:

andrg:  , respectively, using Equation 27. In

. . * . % 0
the plateau regions just below sj,;,,, and just above s;;,ve (i) = 0. If all s* are less than zero
t
within S0, < 8* < Sgpove, as would be the case for g = rmax of the plateau for which cis

higher, Ac; will be less than zero. If all s* are greater than zero within s;.;5, < $* < Sgpover @S

would be the case for rgx, = rmin of the plateau for which c is higher, Ac: will be greater than

zero. (Respectively, rmin and rmax are the lowest and highest radial positions of a region where

Equation 13 holds.)

The substantially time-normalised, cumulative concentration of detectable solutes that can be
characterised by s* within s;,;,» < S* < Sapove 1S
S;bove

Ac = f lg(s™)|ds™.

Shelow
(34)
The result cannot be less than zero. If Sj.100 < S* < Sgp0ve €NCOMpasses an entire peak or valley
of g(s*), Ac should, in the absence of overlapping boundaries of oppositely directed and
detectable solutes (Figures 23 to 27), be time-independent for concentration-independent

systems, as well as for concentration-dependent systems in which the solute concentrations are
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not altered by chemical reactions.

The range of integration in Equation 34 can be extended to the extrema of s*. The extrema in s*

are inversely proportional to w?t. At time t and angular velocity w,

S_ n

is the minimum value of s*, and

i 1 ] (rb)
Sy, =—Inl—
it \n,

(36)

is the maximum value of s*. As noted with respect to Equation 27, each radial position gives rise
to two s* values. Atr =y, s* = s, for ro = rp (Equation 35) and s* = 0 for ro = rm. Likewise, atr
=1y, S* = s}, for ro = rm (Equation 36) and s* = 0 for ro = rp. With the integration limits of

Equation 34 set to Spe1ow = SZx and Sgpope = Six, Acis equal to the apparent value of co, which is

ac

to say, the apparent initial concentration of all solutes that contribute to ( Py

)t, and thus

contribute to g(s*).

The range of integration in Equation 33 can also be extended to the extrema of s*, and with the
addition of an offset, can be used to reconstruct c as a function of s* and t. At any given time, t, the
concentration at s* = sp,, < 0 is given by

fs’*wg dc p
c=c_,+ ( *> s*,
x st aS t

—-X

(37a)

and the concentration at s* = s;,5 > 0 is given by

29



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

[ () s+ [ () s =t [ (),
c=c_ s s*=¢ s%,
x 50, \0S*/y o 0s*); o), 0s*/,

(37b)
where, at time t, c_, is equal to c corresponding to s*in the limit as s*, is approached from above,
and ¢y, is equal to c corresponding to s*in the limit as 0 is approached from above. The offsets,

c_ and ¢y, should be equal.

Experimentally obtained data can be complicated by optical artefacts near rm and rp, as well as by
inaccuracies wherever the solute concentration is outside the suitable range of the detection
system, and over time, unsuitably high solute concentrations are likely to develop toward rm or
b. Outside of some well behaved simulations, then, when using Equation 37, the practical range
of s* will not extend to either of the theoretical extrema, s*, or s} ,. In general, to accommodate
such limitations, the offset of Equation 37a will equal c corresponding to s*in the limit as its
lowest practical negative value is approached from above, and the offset of Equation 37b will
equal c corresponding to s*in the limit as its lowest practical positive value is approached from

above.

The cumulative distribution function,

66 = | lgOlds”,

-X

(38)
permits Equation 34 to be rewritten as Ac = G(S,,0ve) = G(Sperow)- The cumulative distribution
function is a substantially time-normalised, but not entirely time-independent, measure of the

concentration of all solutes for which the apparent sedimentation coefficient is less than or equal
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to s*, but greater than or equal to s*, at some specific time.

. a
Evaluation of| ( C*)
ds t

Although c is a continuous function of either r and t or s* and t, c rarely takes on a convenient
functional form. Instead, it is usually necessary to deal with a finite set of discontinuous c versus r
or c versus s* values at a finite set of discontinuous time-points. If the data are not too sparse,

however, finite differences in c, r, s* and t can yield good approximations of the partial

. . dc dc dc dc at . .
derivatives, (6_r)t' (65*)t' (a)r, (E)s* and (ﬁ)r' that appear in Equations 3 and 6, but cannot be

calculated with an applicable function, such as that (Equation 28) which describes (%) .
t

(Although Equation 30 is a functional description of (%) , that function applies to a specific
T

time. Thus, when using finite differences in time to evaluate the derivatives of Equation 6, the

at
ds*

approximation of( ) described by Equations 42 to 44 is used instead of Equation 30.)
T

dac
as*

Ac
As*’

At any given time, (a_c)t and (

. Ac
) can be approximated as — and
or t Ar

respectively, using finite

differences in c, r and s*. Approximating either derivative from the data at a single time-point
eliminates any noise that stems from a radially-independent (RI) offset in the signal related to c,

but the approximated derivative of the time-independent (TI) noise in that signal will propagate

. A A . . . — :
to either ﬁ or A—SC*. (Equation 99 describes a TI-noise corrected application of Equation 3.)

Finite differences can also be used to estimate partial derivatives of c with respect to time.

Subtracting c versus r data at one time from c versus r data at another time is simple to do,
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provided that, as is the case in the examples shown below, the radial positions are the same at all
times. Once sets of c versus r data at multiple times have been transformed to c versus s* data at
those times, subtracting c versus s* data at one time from c versus s* data at another time

requires the interpolation of at least one set of c values with respect to s*.

Evaluation of] (

ac
S*

5 )t,either directly or from (E)t

ar

Figure 2 shows AUC simulation results, as c versus r, from a hypothetical system att = 2916 s.

This data set will be used to determine (;TC) from (%) att = 2916 s. Figure 3 shows the results,
*/t t

plotted as c versus s*, from the same hypothetical system at the same time. This data set will be

used to directly determine (:Tc) att = 2916 s. The hypothetical system is described in Figure 2.
*/t
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Figure 2. A plot of c versus r at t = 2916 s, with the supernatant (toward rm = 6 cm) and pellet
(toward rp, = 7.2 cm) regions of c shown on a logarithmic scale above the break. (A few erratic
points in the supernatant and pellet regions have been smoothed.) The data are from a
simulation of a concentration-independent, three-component system subjected to AUC at 60,000
RPM, and described as follows, where component-specific parameters are subscripted by a
numerical identifier (1, 2 or 3): at to, atall r, c1 = 3.389E-02 g/ml, c3 = 3.211E-02 g/ml, c2 =
3.300E-02 g/ml; atalltand all r, s1 = 9.324E-13 s, s3 = -s1, 52 = 0, D1 = 9.126E-08 cm?/s, D3 = Dy,
and Dz = 7.243E-08 cm?/s. (The unrealistic results in the supernatant and pellet regions are due
to the transport coefficients being independent of concentration.) The model system is a
simplified version of one described previously (Moody, 2012). The following parameters had no

effect on the results, but describe some of the relationships between the components: The
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solvent was a model buffer with a density of po = 1.08225 g/ml; each component was modelled
as consisting of spherical solutes for which the anhydrous radius was 0.65 times the hydrated
radius; the specific gravities of the solute components were p1 = 1.11150 g/ml, p3 = 1.05300
g/ml and p2 = po; and the molar masses of the model components were M1 = 9,462,869 g/mol,
M3 = 8,964,823 g/mol, and M2 = M1 + Ms. The concentrations and molar masses are such that, at

to, c1/M1 = c3/M3 = 2c2/Mz at all r.

0.07 4

0.06 fr—
E
RS2
o> 0.054

0.04

0.03

I ' I ' I ' I ' I ' I ' I
-1.5x10™ -1.0x10™ -5.0x10™" 0.0 50x10™  1.0x10™ 1.5x10™
s* (s)

Figure 3. A plot of c versus s*att = 2916 s ( )- The data are the same as those shown in
Figure 2, but with the independent variable r transformed to s*. In further contrast to Figure 2,
the supernatant (betweenr = 6.01831 cm and rm = 6 cm in Figure 2) and pellet (between r =

7.18593 cm and rp, = 7.2 cm in Figure 2) regions of ¢ have been removed from the data used in

this figure, and replaced with the adjacent plateau values of c. The data determined by the
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application of Equation 37 (-+++--- ) to (%) (Figure 4), with c_,, = 0.0728 g/ml, are
t

superimposed on the results obtained by simply plotting c at each value of r (Figure 2) against
the two corresponding values of s* calculated (Equation 27) for w at 60,000 RPM (Equation 11)

and t = 2916 .

] . . .
( a;*) from the direct difterentiation of c versus s* at constant t
t

Of the two values of s* obtained for each radial position at any given time, Qs+t (Equation 29) will

*

- . . ac .
be positive at no more than one. Wherever and whenever Qs+ is negative, (g) is deemed

redundant and e(s*t) is equated to it, so that, upon application of Equation 7, q(s*,t) is either

equal to zero or to those values of (%) deemed essential for determining g(s*). (In the figures
t

. . . . 0 .
that follow, the derivative of ¢ with respect to s* at constant t is denoted as ( a:*) , but estimated
t
Ac
as AS*.)

Figure 4 shows (i) obtained by direct differentiation of c with respect to s* at constant t,
t

where the c versus s* data are those shown in Figure 3. Whenever there is a difference in the
concentrations at the extrema in r, a plot of c versus s* will exhibit an equal concentration

difference across s* = 0. Thus, direct differentiation of c with respect to s* at constant t produces

a sharp upward or downward spike in (%) about s* = 0. Just such a spike is seen in Figure 4.
t

Figure 4 also shows q(s*,t) obtained by application of Equations 29 and 7.
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(In general, the examples presented here proceed from the least complicated to the most
complicated, but the more complicated cases are presented. Had the concentrations toward the
extrema in s* not been replaced with the adjacent plateau concentrations, for example, Figures 3

and 4 would have looked much like the data att = 2910 s in Figures 24 and 25.)

2.00E+012 i

4.00E+011 5
Q) 2.00E+011 -
E i
2 /A
= 0.00E+000 f+rrrroeeroes N R T NS
-kw [
Q J
O
©
~ _-2.00E+011 -
-4.00E+011
‘6.00E+011 | T | T | T | T | T | T |
-1.5x10™ -1.0x10™ -5.0x10™" 0.0 50x10™  1.0x10"™ 1.5x10™

s* (s)

ac
ds*

Figure 4. A plot of( ) versus s* att = 2916 s. The results were obtained by direct

), (

differentiation of c with respect to s* at constant t, where the c versus s* data are those shown in

Figure 3. Application of Equations 29 and 7 yielded q(s*,t) (------*- )- The spike about s* =0

dac

consists of just two points: (65*

) = 3.462E12 [g/ml]/s at s* = -7.389E-16 s, (:TC) = 3.461E12
t t

[g/ml]/s at s* = 1.064E-15 s. Except for that spike, this figure is identical to Figure 6, where

(;:*) att = 2916 s is obtained using Equation 3, and is practically identical to Figure 20, where
t
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% att = 2916 s is the finite form of (%) obtained using Equation 6.
t

(5, from (5),

ar ac

ac : : AW ) .
The product of (6r)t and (65*)t yields (as )t (Equation 3), where (65*)t is equal to rw?t (Equation

28). Figure 5 shows the results of differentiating c with respect to r at constant t, where the ¢

versus r data are those shown in Figure 2, excluding the supernatant and pellet regions. (In the

) o . . 9
figures that follow, the derivative of c with respect to r at constant t is denoted as (a—;) , but
t

. Ac
estimated as E')
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Figure 5. A plot of (g—i) versus r att = 2916 s. The results are from the direct differentiation of c
t

with respect to r at constant t, where the c versus r data are those shown in Figure 2, minus the

data from the supernatant and pellet regions.

ac
as*

Figure 6 shows ( ) calculated from (%) using Equations 3 and 28, along with q(s*,t)
t t

(Equation 7), which differs from (;C

s*

) in being equal to zero wherever Qs+t < 0 (Equation 29). As
t

9c

P)

two values of s* are obtained for each value of r at time t, two values of( r) are obtained for
t

each value of r at time t. Because the supernatant and pellet regions were excluded from data

. . G . (D .
used to generate Figure 5, Figure 6 does not exhibit spikes in (ﬁ) toward s* =s*,,s*=0ors*
/¢
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Figure 6. (i) ( ) and q(s*,t) (- ) versus s*att = 2916 s. The (E) values plotted against
0s*/ ¢ or/¢

r in Figure 5 were multiplied by (;TT) to obtain (:TC) , the values of which were then plotted
*/t */t

against s* in this figure. Application of Equations 7 and 29 to (ac) yielded q(s*t). Except at the
/¢

ds+
two points about s* = 0, this figure is identical to Figure 4, where c at t = 2916 s is differentiated

with respect to s*. Additionally, this figure is practically identical to Figure 20, where % att=

ac
ds*

2916 s is the finite form of( ) obtained using Equation 6.
t
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] ] ] o o
( a:*) from (a_i) and (a_i) via finite difference approximations - |
t r Sk

According to Equation 6, the product of [(%)r - (ac)s*] and (at )ryields (ac )t. Finite

E aJs* as*
. . . a F at .
differences in c, t and s* can be used to approximate the values of (a—i) , (a—i) and (65*) , and if
r s* r

the finite differences in the independent variables, s* and t, are small enough, those approximate

] : e :
values can be used to evaluate (f) with acceptable accuracy. Implicit in this approach is the
t

fact that data are usually collected experimentally, or generated numerically, at discrete radial
positions, ry, and discrete times, te, such that no data exist between one radial positions and the
next (rnp and rn+1) or one time and the next (t: and te+1). The discontinuous nature of the data with

. _ 0 .
respect to r renders the evaluation of the finite form of (i) somewhat challenging.
t

Assuming that data are collected at the same radial positions at each time point, the advantage of
a finite-difference application of Equation 6 is that, for the (a—i) term at least, TI noise is
T

dc

eliminated. Furthermore, the finite approximations of ( o

) and (@) will include the same
T ot/ g

offset due to the RI noise of the two data sets used to evaluate them. Thus, any RI noise is

eliminated when the finite form of (%) is subtracted from the finite form of (%) . TI noise,
s* T

E) .- The

however, is not eliminated in the course of evaluating the finite approximations of (6t
S

elimination of RI and TI noise from (%) , determined from finite-difference forms of Equation 3
t

or Equation 6, is explored in a subsequent section (Equations 88 to 99; Table 1; Figures 40 to 50).

In what follows, the finite differences used in the time-derivative approach are defined, and their
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distinguishing characteristics are first illustrated through an example involving an unsuitably
large time difference. Results obtained with an appropriate time difference are presented

thereafter.

Figure 7 shows c versus r at four times during the AUC simulation of the hypothetical system

described in Figure 2.

10
14
010g

0.08 -
£
NS
(&)

0.06 -

0.04 -

T T T T T T T T T T T 1
6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)
Figure 7. Plots of c versusratt = 2010 s ( ), t=2310s ( ), t=2610s( Jand t=

2910 s ( ), with the supernatant (toward rm = 6 cm) and pellet (toward r, = 7.2 cm) regions
of c shown on a logarithmic scale above the break. (A few erratic points in the supernatant and

pellet regions have been smoothed.) The data are from a simulation of a concentration-
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independent, three-component system subjected to AUC at 60,000 RPM, and described in detail

in Figure 2.

At a given radial position, r, the difference between c at two time points is denoted as Ac. Figure
8 shows Ac; for the r-by-r difference between catt =t = 2910 sand catt =t; = 2010 s. As the
data were generated at the same radial positions at each time point, the calculation of Ac: did not

require interpolating the data at one time to match the r values of the data at the other time.

10
11
0.10 9

0.08

0.06

0.04 -

0.02

c or Ac_(g/ml)

0.00

-0.02

-0.04

-0.06

6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)

Figure 8. A plot of Ac; versus r ( ), where, at each pointr, Acris equal to catt; = 2910 s

(—) minus catt1 = 2010 s (

), which are two of the four curves shown in Figure 7. The
supernatant (toward rm = 6 cm) and pellet (toward rp = 7.2 cm) regions of ¢ are shown on a

logarithmic scale above the break. In the course of calculating Acr, any TI noise is eliminated at
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each radial position.

Figure 9 is a transformation of Figure 7 from c versus r to c versus s*.

10
1 |
0104
f
|
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|
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(@)
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-2.0x10™ -1.0x10™ 0.0 1.0x10™ 2.0x10™

s* (s)

Figure 9. Plots of c versus s* at t = 2010 s ( ), s*att=2310s ( ), s*att=2610s ( )

. ¥ ok * —
) —X
), with the supernatant (toward the s* = s*, and s* = 0) and pellet

and s*att=2910s (

(toward s* = s}, and s* = 0) regions of c shown on a logarithmic scale above the break. (A few
erratic points in the supernatant and pellet regions have been smoothed.) The data are from a
simulation of a concentration-independent, three-component system subjected to AUC at 60,000
RPM, and described in detail in Figure 2. These same data are plotted as c versus r in Figure 7.

Here, c at each time has been plotted against its respective t-dependent values of s*, of which two
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are calculated from each t-independent value of r. (See Figure 3 for a similar transformation.) As
time increases, c maps to a decreasing range of s*. Thus, the extrema of s* approach zero
symmetrically from above and below as t approaches infinity. (See Figure 1. Also see Figure 10,

which plots r versus s* for the times that apply to this figure.)

Figure 9 shows how plots of ¢ versus s* are affected by the time-dependence of the range of s*. A

comparison of Figures 7 and 9 shows that the values of c at a given position r at two different

. . . . . . T
times will not have either of their corresponding s* values in common, except where — equals
0

one, in which case the corresponding s* value equals zero (Equation 27). That the values of c at
the same radial position but different times will not generally map to a common value of s* is
simply due to r values being time-invariant, while, as Equations 27 describes, and as Figure 10
illustrates, s* is inversely proportional to t. (In contrast to Figure 1, r is treated as a function of s*
in Figure 10, even though the functional relationship is the other way around. The apparent
functionality is reversed in Figure 10 to provide a convenient comparison with Figure 9, where c

is plotted as a function of s*.)

As ro can equal rm or rp, in Figure 10, r consists of two discontinuous lines at each time, t.
. . . . . 9 .
Differentiating Equation 26 with respect to s* at constant t yields (%) = w?trye’ W't =
t

rw?t (Equation 28), except where r is discontinuous or equal to one of its extrema. In general,

where r is continuous and not equal to one of its extrema, the kth derivative of r with respect to s*

. [0k s
at constant t is (F;()t = (w%t)*ryes @’ = r(w?t)k.
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Figure 10. A plot of r versus s* at the times, t = 2010 s ( ), t=2310s ( ), t=2610s

( Yand t=2910s (

), pertaining to data shown in Figures 7 to 9, for which r, = 6 cm, 1
= 7.2 cm, and w is that calculated for 60,000 RPM (Equation 11). Figure 1 also illustrates the

relationship between t, r and s*, but with the r and s* axes exchanged.

At each apparent sedimentation coefficient, s* the difference between c at two time points is

denoted as Acs+. Figure 11 shows Acs+ for the s*-by-s* difference between c at t; = 2910 s and c at
t1 = 2010 s. As the data were generated at the same radial positions but different time points, the
calculation of Acs required interpolating the data at one time to match the s* values of the data at
the other time. Given the time-dependence of s* values (Figures 9 and 10; Equation 27), matched

s* values at two different times will generally correspond to mismatched r values (Equation 26).
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For the subtraction shown in Figure 11, s* values at the earlier time were interpolated to match
s* values at the later time. This pattern, whereby the result of subtraction is expressed in terms of

s* values of the later time point, is repeated in all such interpolations that follow.

10
'

0.10 4
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c or Ac_, (g/ml)
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-0.02

'004 | T | T T |
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s* (s)

I
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Figure 11. A plot of Acs* versus s* att = 2910 s (

), where, at each point s*, Acs is equal to c at

t2=2910s (

) minus an interpolated value of cat t; = 2010 s (

)- The supernatant
(toward the s* = s, and s* = 0) and pellet (toward s* = s}, and s* = 0) regions of c are shown
on a logarithmic scale above the break. The concentration data at times t; and t; are two of the
four sets of such data that are plotted against s* in Figure 9, and plotted against c in Figure 7.
Compare this figure with Figure 8, which shows Ac; versus r, where, at each point r, Ac; is equal to

c at t2 minus c at t1. TI noise is not eliminated in the course of calculating Acs+, but in this case, the
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data, which come from the simulation described in Figure 2, are nearly noise-free.

As noted with respect to Figures 7 and 9, values of c at the same radial position r but different

times t will not generally map to a common value of s*. The values of s* at t; are given by

. 1 T
S; =— In (—),
w tz T'O

(39)
where 1y is an actual radial position where a value of c is recorded at each time. The interpolated

values of s* at t; are given by

(40)
where r1 is an interpolated radial position with respect to the original c versus r data at t;. As the
set of all s7, equals the set of all s3, the right-hand sides of Equations 39 and 40 can be equated

and solved for r1 to obtain

1 1
n=(n'n* )% = (n'rg0)%,

(41)

where At =t - t1.

At each value of s* = s, = 57, (Equations 39 and 40), an interpolated value of the TI noise at

= roesi*“’ztl will be subtracted from the actual TI noise atry, = roesz“’ztz. As can be seen from
Equation 41, in the limit as t; approaches t, r1 approaches rin. Thus, the closer At is to zero, the
more nearly it will be that TI noise is eliminated in the course of calculating Acs+. As will be shown

(Figure 43), however, in the 60,000 RPM case, even for a At of just 6 s, a substantial amount of TI
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noise can remain in Acg-.

The time difference that pertains to both Ac; in Figure 8 and Acs+ in Figure 11 is At =tz - t1 =900

s, where t; = 2910 s and t; = 2010 s. As will be shown, this At is too large, relative to the time

. . : L d d
scale of transport in the system examined, to yield acceptable approximations of (a—i) and (a_i)
r s*

Acgy
At

Ac
from — and

v , respectively. For the purpose of illustrating the distinguishing features of (%)

T
and (%) o however, such an excessive At is ideal. Therefore, this example with At = 900 s will be
S

. . . . d . .
used to obtain an admittedly poor approximation of (i) before moving on to an example with
t

an appropriately smaller At. Continuing, for the moment, with the current example, Figure 12

Acy Acs, A Acs.
shows =, =% and (ﬁ — i) versus s* at 2910 s, and At =900 s.
At’ At At At
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Figure 12. Plots of = (——), /. (

)and (5 — =) (

" ) versus s* at t; = 2910 s. Where

Acs, Ac Acgy . . . .
A—; and A—tr overlap, only A—; is seen. The concentration differences, Ac; (Figure 8) and Acs+

-, respectively. The time increment, At, is

(Figure 11), were each divided by At to obtain AA%T and AACS

t

equal to tz — t1, where t; = 2010 s. Thus, At = 900 s. Due to the decrease in the range of s* as t

increases (Figures 9 and 10), there are no data beyond the extrema in s* at the highest value of t,
which is t2 = 2910 s in this case. While Acs+ in Figure 11 and AAL;‘* in this figure are both plotted

against s* at tz, Acy is plotted against r in Figure 8. The radial position, r, for each value of Acr in

Figure 8 is the radial position used to calculate both corresponding values of s* at t; against

which duplicate AA—C; values have been plotted in this figure. (See Figures 3 and 9 for similar
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. Acs, . A
transformations.) The AC; values (as a function of s* at t2) were subtracted from the f values (as
. . (A Acs, :
a function of s* at tz), s*-by-s*, to obtain (f — %) as a function of s* at ty.

. . 0 .
The approximation of (ﬁ) is calculated as
t

Ac (Acr Acs*> At

As* At At ) As}’
(42)
At . . . ot . .
where — is an approximation of (—) and, on the basis of Equation 27,
Asy 0s*/
111 1 T —At T
= A ) (2
w?lt, t, o w3ty t, o
(43)

is the change in s* from time t; to time t; at radial position r. Each of the two possible values of rg
is discussed with respect to Equation 27. As noted with respect to Equation 39, ry is an actual

radial position where a value of c is recorded at each time.

In general, At = t; - t1. In this example, t1 = 2010 s and t2 = 2910 s. Equation 30 states that (:St*)
r

is equal to — S—t*, and fort; =t,

y At t (at)
im =— = :
t1-t AS; 1 n(r) as*/,

(44)

) st e orm of (5, = (%) ] posttve vaeso (222 wi e
As (At + ) is the finite form of |{ - v , positive values of (- ——"= ) will give rise to
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Ac . . ‘s dc dc . . .
redundant values ofg (Equation 42), just as positive values of [(E)r — (E)s*] will give rise to
redundant values of (%) . (See the discussion following Equation 30.) Redundant values of AASC*

t

. . e A
can be identified by substituting A:

for (ac

) in Equation 29, which defines Qs+ If Qs+ > 0, Ac is
0s*/¢ As*

*

. . . . A o A
essential and e(s*,t) is equated to zero, but if Qs+t < 0, e(s*,t) is equated to A—:*. Substituting A—Si for

Ac .. Ac . . .
e 1fA—S* is essential, and zero otherwise.

(;;*) in Equation 7 results in q(s*t) being equal to
t

1.00E+011 -
5.00E+010
0.00E+000Q —f---orivvorvvvoeoes e / oo

-5.00E+010

Ac/As* ([g/ml]/s) for At = (2910 - 2010) s

-1.00E+011

I I I
-1.5x10™ -1.0x10™ -5.0x10™°

I I I
0.0 5.0x10™  1.0x10™ 1.5x10™

s* (s)

Figure 13. A plot of% ( ) versus s* at t = 2910 s. Equation 42 (the finite form of Equation 6)

. Ac Ac Acqs
was used to obtain — from (—r — =
As* At At

), where At = (2910 - 2010) s = 900 s. Equation 43 was
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At
Asy.

X . Jat . . .
used to calculate As;, and — was used to approximate (g) in Equation 42. The essential values
T

Ac

of
As*

yielded q(s*,t) (-+:-+--- )-

. A A : . :
Figure 13 shows A—:* versus s* at tz, where A—SC* was evaluated by Equation 42 (the finite-difference
o . . . A
approximation of Equation 6) in the case of At = t; - t; = 900 s. Figure 14 compares A—Si from

a
versus s* att; = 2010 s and (i) versus s* at tz

Figure 13 with the corresponding results, (%)
t

t

= 2910 s, obtained by the finite-difference approximation of Equation 3.

ac
as*

In Figure 14, within s* < 0, the negative, and hence essential values of( ) att; = 2010 s and
t

(:SC*) at tz = 2910 s are found in the same range of s* (-11E-13 s to -8E-13 s). Similarly, within s*
t

L. . d 0 .
> 0, the positive, and hence essential values of (i) at t; and (i) at tz are also found in the
t t

: A
same range of s* (8E-13 s to 11E-13 s). Below s* = 0, the negative values ofA—:* are skewed
L. 0 " A
toward the positive values of (i) at tz, and the positive values of ﬁ are skewed toward the
t
2.
F)

., - A
positive values of( S*) at t1. Above s* = 0, the positive values ofA—SC* are skewed toward the
t

Ac
As*

a .
a_sc*) at t, and the negative values of
t

negative values of ( are skewed toward the negative

ac
ds*

Ac
As*

values of ( ) at t1. The results shown in this comparison suggest that — will approximate
t

(;:*) poorly whenever At = t; - t is sufficiently large that the redundant values of (;SC) atty
t t

and (ac

65*) at t2 occupy significantly different ranges of s*.
t
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Figure 14. Plots of( ) versus s*att; = 2010 s ( ),(%) versus s*attz = 2910 s ( )
t t

A . - . .
and A—:* versus s* at tz ( ), which also appears in Figure 13. Equation 3 was used to determine

a . . (9 ] .
( asc*) at t1 and t; from its respective (a—i) at t; and tz, where each (a—;) was obtained by
t t t

differentiating the corresponding data set shown in Figure 7.

As noted with respect to Equation 27, there is one radial position, r = (rmry)%>, for which, at any
given time, the positive s* equals the absolute value of the negative s*. For the example shown

here, (rmrv)%> = 6.573 cm, which, att = 2910 s, gives rise to s* = -7.935E-13 s and s* = 7.935E-13

. . . a a . . .
s. Thus, at a given time, for any function such as c, (a—;) , (a—i) or Ac, that is s*-independent but is
t r

nevertheless plotted against s*, the same value of the function is guaranteed to be found at both
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- . Acy . .
values of s* arising from r = (rmrb)%°. (Such is the case for c and f in Figures 9 and 12,

. . : ] ]
respectively, for example.) For any function that is s*-dependent, such as (a_i) , Ac,, (%) or
s* t

g(s*), different values of the function are as likely as not to be found at any pair of s* values
arising from a single value of r, no matter what value of t is used to calculate s*. Fairly good

illustrations of this characteristic can be seen in Figures 11 to 13.

( oc ) from (E) and (E) via finite difference approximations - Il
as*/ at), at) s

In this section, the approximation of (i) is repeated but Atis reduced to t3 -t = 6 s, with t; =
t

2910 s and t3 = 2916 s. Figure 15 shows c versus r at tz and t3, while the result of subtracting the
. o : o A

former from the latter at each point r and dividing by At is presented in Figure 16 as ﬁ Versus r.

As the concentration data are arrayed against the same set of radial positions from one time to

C . . A
the next, any TI noise is eliminated in the course of calculating Aitr.

In Figure 17, c at tz and c at t3 are plotted against their respective s* values. The radial positions
are the same for both data sets, but the s* values, being time-dependent (Equation 27; Figures 1
and 10), are not. Thus, to obtain Ac,, versus s* at t3, interpolated values of c at t were subtracted

from the actual values of c at t3. (In the process, an interpolated value of the TI noise at

1 T . 1 T
st =55, = o In (r—z) was subtracted from the actual TI noise at s* = s3 = - In (r—h) where ry
2 0 0

is an actual radial position at which a value of c is recorded at each time, rz is an interpolated
radial position with respect to the original c versus r data at tz, and the set of all s, is equal to the

1
set of all s3. By the same approach that yielded Equation 41, r, = (rht 2r0t3_t2)t3 is obtained.)
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Acg,

s Acs, . :
Division of these Ac,, values by At then gave % as a function of s* at t3. In Figure 18, these

values are plotted against the s* values calculated for t = ts.

0.07 -
0064
£
B ]
(&)
0.05 -
0.04 -
0-03 L) l L) l L) l L) l L) l L) l
6.0 6.2 6.4 6.6 6.8 7.0 7.2

r (cm)

Figure 15. Plots of c versus rat t; = 2910 s ( ) and tz3 = 2916 s ( ), with the supernatant
(toward rm = 6 cm) and pellet (toward r, = 7.2 cm) regions of ¢ shown on a logarithmic scale
above the break. (A few erratic points in the supernatant and pellet regions have been
smoothed.) The data are from a simulation of a concentration-independent, three-component

system subjected to AUC at 60,000 RPM, and described in detail in Figure 2.

Figure 15 illustrates how little c has changed from t; to t3, compared to the change in c seen
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between t; and tz (Figure 8).

0.00000 -

-0.00002

-0.00004

-0.00006

-0.00008

-0.00010 H
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-0.00014 H

-0.00016

([g/mi])

i

AC /At

6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)

. A . .
Figure 16. A plot off versus r (: ), where, at each pointr, Ac, is equal to cat t3 = 2916 s

. o . Acy . : :
minus c at tz = 2910 s. The time increment is At = t3 - tz = 6 s. Thus, Aitr is an approximation of

(a—i) within At. In the course of calculating Ac, any TI noise is eliminated at each radial position.
T
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Figure 17. Plots of c versus s* at t; = 2910 s ( ) and tz3 = 2916 s ( ). These same data are
plotted as c versus r in Figure 15. Here, ¢ at each time has been plotted against its respective t-
dependent values of s*, of which two are calculated from each t-independent value of r. (See
Figures 3 and 9 for similar transformations.) In further contrast to Figure 15, the supernatant
(betweenr = 6.01831 cm and rm = 6 cm in Figure 15) and pellet (between r = 7.18593 cm and 1y,
= 7.2 cm in Figure 15) regions of c have been removed from the data used in this figure, and
replaced with the adjacent plateau values of c. Although the range of s* decreases as t increases,

the difference between t3 and t; is small enough that the effect is not obvious in this case. (See

Figure 9 for comparison.)
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= 2916 ( ), where, at each point s*, Acs is equal to c at

tz3 minus an interpolated value of c at t; = 2910 s. The time increment is At = t3 - t2 = 6 s. Division
of Acs+ by At ylelds -. As noted with respect to Figure 11 and Equation 41, TI noise is not

eliminated in the course of calculating Acs+. In this case, however, the data, which come from the

simulation described in Figure 2, are nearly noise-free.

In Figure 19, AA—Ctr, AAL;‘* and (AA—C; — ACS*) are all plotted against s* at t3 = 2916 s. (Figure 16 shows

versus r at t3, but in Figure 19, it is plotted against the pairs of s* values that, using Equation 27,

are calculated, for t = t3, from each r value. Figure 18 presents an isolated view of “ versus s* at

Cr

, yields (AACZ - AAL;*).

58



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

0.00010 -
0 i
=  0.00005 -
£
=) | P i
— 0.00000 == [ fr ¢ R
3 | v Vo
\!I)
(@) - -
9 0.00005
< -0.000104
Q o
3 _ |
2 -0.00015 -
\U)
o i
f, -0.00020
RS i
>
4 -0.00025 4

'0.00030 | T | T | T | T | T | T |

-1.5x10™ -1.0x10™ -5.0x10™ 0.0 5.0x10™  1.0x10™ 1.5x10™
s* (s)

Figure 19. Plots of% —), As: (

v ) and (ﬂ — &) [(CEIR ) versus s* at t3 = 2916 s. Where

At At

A Acg, Acy . . . .
g and % overlap, only g is seen. The time increment, At, is equal to t3 - t2, where t; = 2910 s.

Thus, At = 6 s. The radial position, r, for each value ofAA—Ctr in Figure 16 is the radial position used

. . . : A
to calculate both corresponding values of s* at t3 against which duplicate ﬁ values have been

Acgs
A; values (as a

plotted in this figure. (See Figures 3, 9 and 12 for similar transformations.) The
. A .
function of s* at t3) were subtracted from the Aitr values (as a function of s* at t3), s*-by-s*, to

. Ac. Acgy .
obtain (A—tr — A—;) as a function of s* at ts.
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ac

As (& — &) is the finite form of [(at

0 iy A ACe. . . ]
) - ( C) ] positive values of (ﬂ - &) will give rise to
At At . o n

at At

ac
at

redundant values of -~ (Equation 42), just as positive values of [(E) — ( ) ] will give rise to
As* at s*

dac
ds*

redundant values of( ) . (See the discussions following Equations 30 and 44.) The redundant
t

A . oA ]
values of A—; are collected in e(s*t) by substituting A—; for ( =

65*) in Equation 29, equating e(s*t) to
t

A . . . . A d .
2¢ wherever Qs+t < 0, and equating e(s*t) to zero otherwise. Substituting A—SC* for (asc*) in
t

As*

Ac

Equation 7 results in q(s*t), which differs from — in being equal to zero wherever Qs+t < 0

s*

(Equation 29).

Ac
As*

Figure 20 presents (ac

Py versus s* at t3 = 2916 s and At = 6 s. Figure 20 also

)t in the form of
shows q(s*,t), as determined by the application of Equations 29 and 7 to the values ofAA—; shown
in the same figure. (Equation 42, which is the finite form of Equation 6, was used to obtain %

=),

in Equation 42.) The results shown in Figure 20 are practically identical to those shown in Figure

A Acs, . . A .
from (ﬂ — i) Equation 43 was used to calculate As;, and A—t was used to approximate (

At At Sy

6 (where (%) is calculated from (Z—:) using Equations 3 and 28) and, minus the spike around s*
t t

= 0, Figure 4 (where catt = 2916 s is differentiated with respect to s*).
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Figure 20. A plot ofAA—; ( ) versus s* att = 2916 s. Equation 42 (the finite form of Equation 6)

was used to obtain % from (% - AACE*), where At = (2916 - 2910) s = 6 s. (Equation 43 was used

At
Asy

" . d . . .
to calculate As;, and — was used to approximate (i) in Equation 42.) The essential values of
r

Ac
As*

yielded q(s*,t) (-++-++-- )- This figure is practically identical to Figure 6 and, minus the spike

around s* = 0, Figure 4.

. . ] e . Acg,
A comparison of Figures 19 and 20 shows that (a—i) _(or its finite approximation, Aci )
S

contributes little to the peaks and valleys of q(s*,t). The small magnitude and weak dependence

of (?) on time in the vicinity of essential peaks and valleys of (%) is a result of the relatively
s* t
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slow changes of those peaks and valleys with time, except when oppositely directed boundaries

overlap. (See Figures 24 to 26.)

As Figures 19 and 20 illustrate, the importance of (%) lies partly in its contribution to e(s*t),
S

.0 d . .. . . A
for if (a—i) were not subtracted from (a—i) (or its finite approximation, A%r), all of the peaks and
s* T

valleys of (%) would be deemed essential, but only half of them would truly be essential. The
r

dc

. Acs, A o
subtraction of% from f (the approximation of (6t

) . e .
) — (a—i) in the finite time increment, At)
T s*

is also needed to correct for any radial dilution/concentration that Acs+ and Acr accumulate
during At. As noted with respect to Equation 41 and Figure 17, however, TI noise is not

eliminated in the course of calculating Acs+. (See Equations 88 to 99; Table 1; Figures 40 to 50.)

Ac
As*

At

5

Acgy

Thus,
At

will ultimately include — — times whatever TI noise is present in ——. (See Equations 42

to 44.)

Calculating g(s*) from q(s*t), and G(s*) from g(s*)

Equation 32 was applied to q(s*,t) from Figure 20, in which t = t3 = 2916 s, and the result, g(s*),

is plotted against s* at t3 in Figure 21.
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Figure 21. The sedimentation coefficient distribution function, g(s*) = q(s”, t)ezs*“’zt (Equation

32), versus s*att3 = 2916 s (: ). The results shown in this figure are practically

indistinguishable from those obtained when Equation 32 is applied to q(s*t) determined either

(as in Figure 4, minus the spike around s* = 0) from (%) obtained by direct differentiation of c
t

. N ]
with respect to s at constant t, or (as in Figure 6) from ( 5 =

s*

) obtained by the application of
t

Equations 3 and 28 to (%) .
t

Figure 22 shows the cumulative distribution function (Equation 38), G(s*), at t = t3. This function
integrates |g(s*)| from sZ, to any given value of s*, and thus yields the total concentration of all

solutes characterised by an apparent sedimentation coefficient less than or equal to s* at any
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given time.
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Figure 22. The cumulative distribution function (Equation 38), G(s*), versus s*, for t = t3 = 2916

s (

)- To obtain G(s*) at all s* within s, < s* < s},, the absolute value of g(s*) at t3 (Figure

21) was integrated from s, to each value of s*.

Time-dependence of g(s*) and G(s*) in the model, concentration-independent system

The simulation described in Figure 2 involves two oppositely directed solutes, plus one neutrally
buoyant solute. That simulation is the source of the data shown in Figure 23. Those data
encompass the time during which the boundaries of the two oppositely directed solutes cross

paths. Att = 2010 s, well before they cross, and at 2910 s, well after they cross, the two
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oppositely directed boundaries are completely distinct and separate. Thus, the g(s*) (Figure 26)
and G(s*) (Figure 27) results for t = 2010 s and t = 2910 s are accurate, in that all the
information that this analytical method could possibly reveal is present. For a period of time
between 2010 s and 2910 s, however, the two boundaries pass through each other. Att = 2310 s,
the plateau that had previously existed between the two boundaries has disappeared. At 2460 s,
the two boundaries have overlapped to such an extent that there appears to be just one small
boundary, with the solute having the higher plateau concentration determining the apparent
direction of transport, which is toward the meniscus in this example. At 2610 s, the two

boundaries have not yet separated to reveal the concentration of the neutrally buoyant solute.

10 —
13
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€
2
(@]
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0.04 -
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Figure 23. Plots of c versusratt = 2010 s ( ), t=2310s ( ), t=2460s ( ), t=2610

s ( Yand t=2910 s (

), with the supernatant (toward rm = 6 cm) and pellet (toward r, =
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7.2 cm) regions of c shown on a logarithmic scale above the break. (A few erratic points in the
supernatant and pellet regions have been smoothed.) All but the data at t = 2460 s are also
shown in Figure 7. The data are from a simulation of a concentration-independent, three-

component system subjected to AUC at 60,000 RPM, and described in detail in Figure 2.

As noted in Figure 2, at to, at all r, c1 = 3.389E-02 g/ml, c3 = 3.211E-02 g/ml and c; = 3.300E-02
g/ml. In Figure 23, att = 2910 s, in the region of lowest concentration (between r = 6.55 cm and
r = 6.61 cm, approximately), c = c2, which, due to s; being equal to zero throughout the system at

all times, is unchanged from its value at to.
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Figure 24. Plots of c versus s*at t = 2010 s (

), t=2310s (
66

), t=2460s (

), t=2610
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s ( Yand t=2910s ( ), with the supernatant (toward the s* = s*, and s* = 0) and pellet
(toward s* = s}, and s* = 0) regions of c shown on a logarithmic scale above the break. (A few
erratic points in the supernatant and pellet regions have been smoothed.) These same data are
plotted as c versus r in Figure 23. Figure 24 is identical to Figure 9, except for the addition of the
data at t = 2460 s, and the inclusion of vertical lines to mark where s1 (++++++- at 9.324E-13 s) and

S3 (sereeees at-9.324E-13 s) lie on the s* scale. Figure 2 describes the system. Figure 10 illustrates

the decreasing range of s* with time.

A comparison of c versus s data at different times (Figure 24) leads to the expectation that,

except when oppositely directed boundaries overlap, as they do at t = 2460 s, (%) will be least
t

dependent on time where s* approaches the sedimentation coefficient of a positively or

negatively-buoyant solute. Results consistent with this expectation, and its exception, are shown

in Figure 25, which presents (ac

65*) versus s* at the same times for which data are shown in
t

Figures 23 and 24.
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Figure 25a. Plots of (;:) versus s*att=2010s ( ), t=2310s ( ), t=2460s ( )t
t

=2610s ( )and t=2910s (

. : ] ]
)- Equation 3 was used to determine (ﬁ) from (a—:) at
t t

each time, and (a—i) was obtained by differentiating the corresponding data set shown in Figure
t

23. To better illustrate the most instructive changes in (ﬁ) with time, the narrow regions
t

. . (0 .
where spikes occur in (i) (towards the extrema of s* and about s* = 0), and broader regions
t
d o -
where (a:*) = 0, are not shown. The full-scale version is shown in Figure 25b.
t
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(dc/ds™), ([g/ml)/s)

Figure 25b. Plots of (%) versus s*att=2010s (
t

=2610s(

a ) a a
The redundant (i) values are those for which (f) > 0 where s* < 0, or (a <
t t

3.00E+015—3
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1.00E+015—f
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)and t=2910s (

s*(s)

), t=2310s (

e

) t=

s*

2460 s ( )t

)- This figure is the full-scale version of Figure 25a.

) < 0 where s* >
t

0. The essential values are those for which the signs of (65*) and s* are the same. Figure 25
t

shows that the location of the redundant values of (%) is highly time-dependent, even in a
t

concentration-independent system such as that simulated for this example. In contrast, the

essential values of (

ac
das*

) are weakly time-dependent in such a system.
t
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As the location of redundant values is highly time-dependent, while the location of essential
values is relatively constant with time, there is a period when the redundant values overlap the
essential values to a greater or lesser extent. In this example, that period starts shortly before t =
2310 s, and ends shortly after t = 2610 s. The data at 2460 s approximately coincide with the
middle of that period. As aresult, att = 2310 s and t = 2610 s, small regions of overlap are seen

in what would otherwise be low-magnitude regions of the redundant and essential peaks and

) . .
valleys of (i) . At = 2460 s, however, the overlap is almost total, and as the concentration-
t

difference across the boundary of the positively-buoyant solute is greater than that of the
negatively-buoyant solute (as can be inferred from the plateau concentration being higher

toward the meniscus than it is toward the base in Figure 23), there are almost no positive values

] .
of (i) seen anywhere at that time.
t
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Figure 26a. Plots of g(s*) versus s* att = 2010 s ( ), t=2310s ( ), t=2460s ( ), t=

2610 s ( )and t=2910 s ( )- To better illustrate the most instructive changes in g(s*)
with time, the narrow regions where spikes occur in g(s*) (towards the extrema of s*), and

broader regions where g(s*) = 0, are not shown. Equation 29 was used to determine q(s*t)

ac

(Equation 7) from (E) (Figure 25) at each time, and Equation 32 was used to obtain g(s*) from
t

q(s*t) at each time. The s* values encompassed by a peak or valley in g(s*) at time t can be
viewed as characterising a boundary region in a plot of c versus r at time t. (The plots of c versus
r shown in Figure 23 are those from which the g(s*) plots in this figure are derived.) A full-s*-
scale version of |g(s*)| versus s*, with the extreme values of |g(s*)| plotted on a logarithmic scale,

is shown in Figure 26b.
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Figure 26b. Plots of |g(s*)| versus s* att = 2010 s ( ), t=23105s ( ), t=2460s (

), t

=2610s ( )and t=2910s ( )- This figure is the full-s*-scale version of the data shown

in Figure 26a. The absolute value of g(s*) is presented to get the most use possible from a single
|g(s*)|-axis break, above which, data are shown on a logarithmic scale. All g(s*) values are

negative below s* = 0, and all g(s*) values are positive above s* = 0. The region about s* = 0 is

devoid of |g(s*)| values greater than zero because all the (%) values in that region (Figure 25b)
t

are redundant.

As noted in Figure 2, atall tand all r, s1 = 9.324E-13 s, s3 = -s1, 52 = 0, D1 = 9.126E-08 cm?2/s, D3
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= D1 and Dz = 7.243E-08 cm?/s. Thus, all of the transport coefficients were independent of
concentration throughout the system at all times in this example. Given this, and given that there
was no overlap in the oppositely directed boundaries att = 2010 s and 2910 s (Figure 23), the

differences in g(s*) at those times (Figure 26) are attributable to the range of s* (Equation 27;

Figures 1 and 10) decreasing in proportion to %, while, due to diffusion, the range of r occupied

by a boundary region increases in proportion to % (van Holde, 1985). Thus, as a comparison at

these two time points shows (Figure 26a), the g(s*) peaks and valleys sharpen with time. That is,
g(s*) peaks grow higher with time, g(s*) valleys grow deeper with time, and with respect to s*,
the breadth of those peaks and valleys narrows with time. In the simplest case, which applies to
the resultsatt = 2010 s and t = 2910 s, the area of those peaks and valleys, of which G(s*) is a

cumulative measure (Figure 27), is time-independent.

The overlap of the boundaries of the two oppositely directed solutes (Figures 23 and 24) results

in the overlap of redundant and essential values of (%) in Figure 25. Att=2310sand t = 2610
t

s, the overlaps are slight (Figure 23). Due to these slight overlaps, att = 2310 s, g(s*) is clipped
toward the extrema in s*, while att = 2610 s, g(s*) is clipped toward s* = 0 (Figure 26). Att =
2460 s, the almost total overlap of the boundaries (Figure 23) results in a broadly reduced

magnitude of g(s*) for the solute of higher plateau concentration, while the overlap of redundant

and essential values of (%) (Figure 25) leads to a near absence of |g(s*)| values greater than
t

zero for the solute of lower plateau concentration (Figure 26). In Figure 27, the times affected by

overlaps show variously reduced G(s*) magnitudes, compared to those at 2010 s and 2910 s.
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Figure 27. Plots of G(s*) versus s* att = 2010 s ( ), t=2310s ( ), t=2460s ( ), t=

2610 s ( Yand t=2910s ( )- Equation 38 was used to determine G(s*) from g(s*)
(Figure 26) at each time. Only the peaks and valleys in g(s*) actually shown in Figure 26a were
included in the calculation of G(s*) in this figure. (In Equation 38, for each time, the lower limit of

integration was set sufficiently above s*,, and the upper limit of integration was kept sufficiently

below s} ,, to exclude the spikes in g(s*) at the extrema in s*.)

The G(s*) results (Figure 27) att = 2010 s and t = 2910 s are consistent with the expectation
that the area of each peak or valley in g(s*) (Figure 26) is independent of time, provided that:
overlapping boundaries do not affect g(s*); the boundaries that give rise to g(s*) at each time are

within the extrema of s* at all times; and the solute concentrations do not change with time due
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to chemical reactions.

The slight overlap of boundaries at t = 2310 s and t = 2610 s (Figure 23) results in clipping of
g(s*) at those times (Figure 26), which accounts for the slightly lower plateau values of G(s*) at
those times, as compared with the corresponding values of G(s*) att = 2010 sand t = 2910 s.
The near complete overlap of boundaries at t = 2460 s (Figure 23) greatly reduces g(s*) values
at that time (Figure 26), especially in the s* > 0 range. As a result, at t = 2460 s, the maximum
value of G(s* < 0) is just 27% of that at t = 2010 s or t = 2910 s. The effect of the near total
overlap on g(s* > 0) is such that, at t = 2460 s, the maximum value of G(s* > 0) is little greater

than the maximum value of G(s* < 0).

The G(s*) results from Figure 27 are re-plotted against a truncated range of s* in Figure 29. Thus,
in the latter figure, it is easier to see, by comparing the results at t = 2910 s with those att =
2010 s, that as time passes, changes in G(s*) occur over a smaller range of s*. This effect is due to

the sharpening of g(s*) peaks and valleys with time (Figure 26).
Weight-average s*

The equation for the weight-average apparent sedimentation coefficient within s;,,, < s* < 53,05

can be written as

S*i * * *
S s |g(s)lds

SOW

G(Sf*ligh) - G(Sl*ow) .

S;/kv (Sl*OW’ S;igh) =

(45)

Att=2910s, s, (sX,,0) =-9.376E-13 s and s, (0, s3,) = 9.398E-13 s. The corresponding input
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values, s3 and s1, were -9.324E-13 and 9.324E-13, respectively.

A comparison of [g(s*)] and Is-g(s*): c-independent transport

Using least-squares boundary modeling as implemented in SEDFIT (Schuck & Rossmanith, 2000),
the apparent sedimentation coefficient distribution functions, in the form of Is-g(s*), were
obtained for data within 6 s of those shown in Figure 23. The Svedberg, which is equal to 10-13
seconds, is the dimension of the apparent sedimentation coefficient returned by SEDFIT. Thus,
the dimensions of Is-g(s*) are those of the signal (optical density, fringe displacement, etc.) per
Svedberg. For the concentration-independent simulation results shown here, the signal had

dimensions of g/ml.

To calculate G(s*) from Is-g(s*), g Is-g(s*) was used in place of |g(s*)| in Equation 38, and the
limits of integration were expressed in Svedberg. A comparison of |g(s*)| and Is-g(s*) analyses is
presented in Figure 28. Figure 29 shows G(s*) from |g(s*)|, mainly, and Figure 31 shows G(s*)

from Is-g(s*) exclusively.

Each Is-g(s*) analysis shown in Figure 28 was applied to three data sets, each consisting of ¢
versus r data at a central time point (Figure 23), or at a time 6 s before or 6 s after. Thus, the
Is-g(s*) analyses of Figure 28 are comparable to the g(s*) analyses just discussed (Figure 26).
(Figure 2 describes the details of the simulation from which the data were obtained.) Within the
Is-g(s*)-analysis software, the positions of the radial extrema of the system were set to the
known positions of the meniscus ( rm = 6 cm) and the base (r, = 7.2 cm). The lower and upper
radial limits of analysis were set at rm + 0.02 cm and rp - 0.02 cm, respectively, and were chosen
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to include as much of any upwardly or downwardly translating boundaries as possible, while
excluding regions where back-diffusion or computational artefacts near the meniscus or base
were evident. A range of -12 Svedberg to 12 Svedberg, with a resolution of 240 points, was used
in each Is-g(s*) analysis. In all analyses, neither the TI noise nor the meniscus position was fit,
and as the confidence level was set to 0, no regularisation was applied to the results of the

analysis. In half the analyses, the RI noise was fit, and in half, it was not.

For |g(s*)|, the maximum range of s* is given by the extrema, s, (Equation 35) and s},
(Equation 36), and the maximum resolution is equal to twice the number of radial positions at
which concentration data were recorded. For all the results of simulations shown here, the

number of such radial positions was 900 (Moody, 2012).

lg(s*)|, Is-g(s*) ([g/ml]/Svedberg)

s* (Svedberg)
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—-13
Figure 28. Plots of |g(s*)|(si:dbe:g) versus (%)s* att=2010s ( ), t=2310s ( )
t=2460s ( ), t=2610s ( )Yand t=2910s ( ), together with plots of Is-g(s*) versus
(FEEETe)s at t=2010 5 £ 655 (o), t = 2310 S £ 65 (), = 2460 S £ 65 (+oree), t =

2610s £ 65 ( )andt=2910s+ 65 (oo ). This graph is similar to that of Figure 26, which

107135

Svedberg

shows the same g(s*) data used to obtain the |g(s*)|( ) data shown here. Each Is-g(s*)

analysis was applied to three data sets spaced closely in time, with an intervals of 6 s separating
the central time point from the time before or after. In the analysis used to obtain the Is-g(s*)

results shown here, the Rl noise was fit.

Figure 28 shows that, normalised to the Svedberg scale, |g(s*)| is identical to Is-g(s*) at all but
one of the times compared. At t = 2460 s, when the boundaries of the two oppositely directed
solutes almost totally overlap (Figure 23), the Is-g(s*) results are less reduced in magnitude than
the |g(s*)| results. Thus, as Figure 29 shows, at t = 2460 s, G(s*) from Is-g(s*) attains higher
values than G(s*) from |g(s*)|, though both fall well short of the most accurate G(s*) results,

which are those pertaining tot = 2010 sand t = 2910 s.

78



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

0.07

0.06

0.05

0.04 -

0.03 -

G(s*) (g/ml)

0.02 -

0.01

0.00 —f—T— : .
-8 8 9 10 11
s* (Svedberg)

-1

Figure 29. Plots of G(s*) versus s*, including the results obtained by the application of Equation

38 to g(s*) (Figures 26 and 28) att = 2010 s (

), t=2310s (

), t=2460s (

), t=

2610 s ( )and t=2910s ( ), along with the results obtained by the application of
Equation 38 to Is-g(s*) (Figure 28) att =2460s+ 65 (++++++ ). (The results from g(s*) are also

shown in Figure 27, but on a different scale.)

Figures 26 to 29 show that misleading results, such as those at or about t = 2460 s, can be
obtained when g(s*) or Is-g(s*) analysis is applied to data that span a short time range. As a
comparison of Figures 48 and 50 will show, the likelihood of obtaining misleading results from
Is-g(s*) analysis is low, except when too few data sets from too short a short time period are

included in the analysis. As the aim here was to compare Is-g(s*) results with g(s*) results
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pertaining to discrete times, however, the Is-g(s*) analysis was intentionally applied to unusually

short periods in this case.

]

-1

0.040
0.035 -
0.030—- /\
0.025—-

0.020

Is-g(s*) ([g/ml])/Svedberg)
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0.010

0.005 -

0.000 T /l T T T T T T T T T T T T T T T T T I T T T ]

s* (Svedberg)
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Figure 30. Plots of Is-g(s*) versus ( )s* att=2010st 65 ( ),t=2310s+ 6

(—),t=2460s 65 ( ),t=2610s+ 65 ( Jandt=2910s £ 65 ( ). The only
difference between these results and the Is-g(s*) results shown in Figure 28 is that, in this case,
the RI noise was not fit in the Is-g(s*) analysis. The data are shown on a logarithmic scale above

the break.

Figure 30 shows the Is-g(s*) results obtained when the RI noise is not fit. (If these Is-g(s*) results

were set to zero between -1 Svedberg and 1 Svedberg, they would not significantly differ from
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the Is-g(s*) results obtained when the Rl noise is fit.) With the lower and upper limits of
integration of Equation 34 equal to -1 Svedberg and 1 Svedberg, respectively, the data of Figure
30 yield Ac = 0.0328 g/ml = 0.9942cz att =2010s + 6 s, Ac = 0.0361 g/ml = 1.0949c; at t =
2310s+ 65,Ac=0.0522 g/ml = 1.5818czatt =2460s + 6 s, Ac=0.0364 g/ml =1.1033cz at t
=2610s+ 6sand Ac=0.0332 g/ml = 1.0058cz att =2910s + 6 s, where c; = 0.0330 g/ml is

the concentration of the neutrally buoyant solute (Figure 2).

It appears, then, that Is-g(s*) analysis can yield informative estimates of the amount of neutrally
buoyant material present in a system, provided that an accurate result can be obtained without
fitting either the RI or TI noise. (With respect to the data in this example, fitting the TI noise, but
not the RI noise, results in a severe loss of information regarding the solutes that are not
neutrally buoyant. Fitting the RI noise, or fitting both types of noise, results in a severe loss of
information regarding the solutes that are neutrally buoyant.) The Ac results suggest, however,
that as the overlap of the two oppositely directed solutes becomes significant, the amount of

neutrally buoyant material present in the system is increasingly overestimated.

Figure 31 shows the G(s*) results obtained from Is-g(s*) when the RI noise was not fit (Figure
30). At those times when there is an absence of overlaps in the boundaries of the two oppositely
directed solutes (Figure 23), G(s*) attains a maximum values of approximately 99.8% (att =~
2010 s) and 100.2% (att = 2910 s) of the total solute concentration of 0.099 g/ml (Figure 2). At
those times when there is a slight overlap in the boundaries of the two oppositely directed
solutes (Figure 23), G(s*) attains maximum values of approximately 97.2% (att = 2310 s) and
96.8% (att = 2610 s) of the total solute concentration of 0.099 g/ml. When (at t =~ 2460 s) there
is an almost total overlap of the boundaries of the two oppositely directed solutes (Figure 23),
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G(s*) attains a value maximum value of approximately 80.7% of the total solute concentration of

0.099 g/ml.
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Figure 31. Plots of G(s*) versus ( )s* for the results obtained by the application of

Equation 38 to Is-g(s*) (Figure 30) att=2010s + 6 s ( ), t=2310st 65 ( ), t=2460s

+6s(

), t=2610st 65 ( Jandt=2910s+ 6 (

),where the Rl noise was not fit

in the Is-g(s*) analysis.

A comparison of [g(s*)/ and Is-g(s*): c-dependent transport

Both g(s*), as determined from the derivative of ¢ with respect to s* at constant t, and Is-g(s*), as
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determined from SEDFIT (Schuck & Rossmanith, 2000), were obtained using data from a
previously described (Moody, 2012) simulation of transport in a concentration-dependent

system subjected to AUC at 60,000 RPM system. (See Moody, 2012: Figures 1 and 2, K. = 30.325

ml/g.)

The concentration-dependent system includes 12 positively-buoyant solutes and 12 negatively-
buoyant solutes (Moody, 2012: Table 1), each having a total mass concentration of [0.001
g/ml]/24, and each having concentration-dependent transport coefficients (Moody, 2012:
Equations 5 to 18). The arbitrary unit (AU) of the signal of each low-concentration solute is
numerically equivalent to the mg/ml concentration scale. (The signal-per-mass-concentration

factor is 1000 AU/[g/ml].)

The concentration-dependent system also includes 3 high-concentration solutes, of which, the
most neutrally-buoyant is the hetero-dimeric product of a mass-action association of the other
two high-concentration solutes (forward rate constant of ker = 30,000 [ml/g]/s, equilibrium
constant of Ko = 30.325 ml/g). The transport coefficients of each high-concentration solute are

also concentration-dependent (Moody, 2012: Equations 5 to 18). The partial specific volume, vy,

of the hetero-dimeric solute is equal to o where po is the solvent density, which is equal to
0

1.08225 g/ml. The high-concentration solutes are measured on the g/ml concentration scale.

The solute concentrations, the basic transport parameters (Moody, 2012: Table 1) and the
parameters that mediate concentration dependence (Moody, 2012: Equations 14 to 18) are such
that each of the low-concentration solutes exhibits Johnston-Ogston effects. In the limit as c

approaches zero, the characteristics of high-concentration solutes 1, 14 and 27 of the
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concentration-dependent system (Moody, 2012: Table 1) approach the characteristics of solutes
1, 2 and 3, respectively, of the concentration-independent system (Figure 2). The initial
concentrations of solutes 1, 27 and 14 were c¢1 = 3.389E-02 g/ml, c27 = 3.211E-02 g/ml, c14 =
3.300E-02 g/ml, which, respectively but not coincidentally, are the same as c1, c3 and cz of the

system described in Figure 2.

One set of signal versus r data was used in each g(s*) analysis (Figures 36 and 37). The data
analysed were from three times (Figures 32 and 33): 21 min, 51 min or 81 min. For each of those
times, two sets of data were examined, with one set consisting of the combined signal from all 24
low-concentration solutes (Moody, 2012: Figure 1, K. = 30.325 ml/g), and the other set

consisting of the combined concentration of all 3 high-concentration solutes (Moody, 2012:

Figure 2, Ko = 30.325 ml/g). The most direct approach, in which (%) is obtained from c versus
t

s* data, was used to obtain g(s*) in each case.
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Figure 32. The sum of the concentration of all high-concentration solutes versus r in the

concentration-dependent system at t = 21 min (; ), t=>51 min ( ) and t = 81 min ( )-

High concentration data in the pellet and supernatant are shown on a compressed scale above

the break in the c-axis.
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Figure 33. The sum of the signal from all low-concentration solutes versus r in the concentration-

dependent system at t = 21 min (. ), t="51 min ( ) and t = 81 min ( )- High
concentration data in the pellet and supernatant are shown on a compressed scale above the

break in the AU-axis.
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Figure 34. The sum of the concentration of all high-concentration solutes versus s* in the

concentration-dependent system at t = 21 min (; ), t="51 min ( ) and t = 81 min ( )-

High concentration data in the pellet and supernatant are shown on a compressed scale above

the break in the c-axis.
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Figure 35. The sum of the signal from all low-concentration solutes versus s* in the

concentration-dependent system at t = 21 min (; ), t="51 min ( ) and t = 81 min ( )-
High concentration data in the pellet and supernatant are shown on a compressed scale above

the break in the AU-axis.
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Figure 36a. Full s* range: |g(s*)| versus s* for the high-concentration data (Figures 32 and 34) of

the concentration-dependent system at t = 21 min ( ), t=51 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the |g(s*)|-axis.
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Figure 36b. Edited s* range: |g(s*)| versus s* for the high-concentration data (Figures 32 and 34)

of the concentration-dependent system at t = 21 min ( ), t= 151 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the |g(s*)|-axis.
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Figure 37a. Full s* range: |g(s*)| versus s* for the low-concentration data (Figures 33 and 35) of

), t=51 min (

the concentration-dependent system at t = 21 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the |g(s*)|-axis.
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Figure 37b. Edited s* range: |g(s*)| versus s* for the low-concentration data (Figures 33 and 35)

of the concentration-dependent system at t = 21 min (. ), t =51 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the |g(s*)|-axis.

Three sets of signal versus r data were used in each Is-g(s*) analysis (Figures 38 and 39). The
data analysed were from three time periods: 21 min + 6 s, 51 min + 6 s or 81 min + 6 s. The data
at the central time points of the Is-g(s*) analyses and the data shown in Figures 32 and 33 are the
same. Within the analysis software, the positions of the radial extrema of the system were set to
the known positions of the meniscus ( rm = 6 cm) and the base (r, = 7.2 cm). In the truncated-
range case, the lower and upper radial limits of analysis were set at rm + 0.1124 cm and rp -

0.1165 cm, respectively, and were chosen to include as much of any upwardly or downwardly
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translating boundaries as possible, while excluding regions where back-diffusion near the
meniscus or base was evident. In the full-range case, the lower and upper radial limits of analysis
were set at rm + 0.01 cm and rp, - 0.01 cm, respectively, and were chosen to include as much of
the system as possible. The s* range and resolution used in the Is-g(s*) analyses depended on
time: at t = 21 min, s* ranged from -42 Svedberg to 42 Svedberg, with a resolution of 840 points;
att = 51 min, s* ranged from -18 Svedberg to 18 Svedberg, with a resolution of 360 points; at t =
81 min, s* ranged from -12 Svedberg to 12 Svedberg, with a resolution of 240 points. In all
analyses, neither the noise (whether TI or RI) nor the meniscus position was fit, and as the
confidence level was set to 0, no regularisation was applied to the results of the analysis. To
render the dimensionality of Figures 38 and 39 equivalent to that of Figures 36 and 37, the s*
values returned by SEDFIT were multiplied by (10-13 s/Svedberg), and the Is-g(s*) values were

multiplied by (1 Svedberg/10-13 s).
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Figure 38a. Full s* range: Is-g(s*) versus s* for the high-concentration data (Figures 32 and 34) of
the concentration-dependent system, fit with the lower and upper radial limits of analysis equal
torm + 0.01 cm and rp - 0.01 cm, respectively, at t = 21 min (=== ), t=>51 min (+++eeee )andt=

81 min (-eeeeee ); and fit with the lower and upper radial limits of analysis equal to rm + 0.1124 cm

and r, - 0.1165 cm, respectively, at t = 21 min ( ), t =51 min ( ) and t = 81 min ( ).

Data are shown on a logarithmic scale above the break in the Is-g(s*)-axis.
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Figure 38b. Edited s* range: 1s-g(s*) versus s* for the high-concentration data (Figures 32 and
34) of the concentration-dependent system, fit with the lower and upper radial limits of analysis
equal to rm + 0.01 cm and rp - 0.01 cm, respectively, at t = 21 min (- ), t=>51 min (eeeeee ) and

t =81 min (- ); and fit with the lower and upper radial limits of analysis equal to rm + 0.1124

cm and 1, - 0.1165 cm, respectively, at t = 21 min ( ), t=51 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the Is-g(s*)-axis.
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Figure 39a. Full s* range: Is-g(s*) versus s* for the low-concentration data (Figures 33 and 35) of
the concentration-dependent system, fit with the lower and upper radial limits of analysis equal
torm + 0.01 cm and rp - 0.01 cm, respectively, at t = 21 min (=== ), t=>51 min (+++eeee )andt=

81 min (-eeeeee ); and fit with the lower and upper radial limits of analysis equal to rm + 0.1124 cm

), t =51 min ( ) and t = 81 min ( ).

and r, - 0.1165 cm, respectively, at t = 21 min (

Data are shown on a logarithmic scale above the break in the Is-g(s*)-axis.
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Figure 39b. Edited s* range: 1s-g(s*) versus s* for the low-concentration data (Figures 33 and 35)
of the concentration-dependent system, fit with the lower and upper radial limits of analysis
equal to rm + 0.01 cm and rp - 0.01 cm, respectively, at t = 21 min (:----++ ), t=>51 min (eeeeee ) and

t =81 min (- ); and fit with the lower and upper radial limits of analysis equal to rm + 0.1124

cm and 1, - 0.1165 cm, respectively, at t = 21 min ( ), t=51 min ( ) and t = 81 min

(—). Data are shown on a logarithmic scale above the break in the Is-g(s*)-axis.

Figures 36 to 39 illustrate the time-dependence of |g(s*)| and Is-g(s*) results for a concentration-
dependent system. Compared to the results for the concentration-independent example (Figures
28 and 30), the shape and position of the |g(s*)| and Is-g(s*) peaks are more variable in the

concentration-dependent case. Nevertheless, the |g(s*)| and Is-g(s*) peaks of the high-
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concentration solutes (Figures 36 and 38) appear to sharpen with time, as would be expected in

the absence of any concentration dependence.

For the low-concentration results (Figures 37 and 39), the peaks in the vicinity of s* = -6.5E-13 s
and s* = 6.5E-13 s show signs of splitting, but the newly developing pairs of peaks att = 81 min
occupy a similar range of s* as the corresponding peaks at t = 21 min. (From t = 21 min to t = 81
min, the range of s* occupied by these peaks grows more narrow as judged by the |g(s*)| results.
Over the same time period, the negative-s* peak grows more narrow and the positive-s* peak

broadens as judged by the Is-g(s*) results fit with the truncated range of s*.)

At each time point, Is-g(s*) fit with the truncated range of s* lacks the peaks in |g(s*)| that result
from concentration gradients in the supernatant and pellet regions toward r, = 6 cmand r, = 7.2
cm, respectively (Figures 32 and 33). A comparison of Figures 36 and 38, which pertain to the
high-concentration solutes, shows that |g(s*)| most resembles Is-g(s*) obtained with the
broadest radial limits of analysis. A comparison of Figures 37 and 39, which pertain to the low-
concentration solutes, shows that, within -8E-13 s < s* < 8E-13 s, |g(s*)| most resembles Is-g(s*)
obtained with the most narrow radial limits of analysis, while, as might be expected, for s*

< -8E-13 s and s* > 8E-13 s, |g(s*)| only resembles Is-g(s*) obtained with the broadest radial

limits of analysis.

The greatest differences between |g(s*)| and Is-g(s*) are seen with the low-concentration data
(Figures 37 and 39) at time t = 51 min, for which the Is-g(s*) results appear to be noisy and
weakly responsive in the vicinity of s* = -6.5E-13 s and s* = 6.5E-13 s. That weak response is
likely due to the substantial overlap of oppositely directed boundaries at that time. Although
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Is-g(s*) appears to be less sensitive than g(s*) in this instance, the sensitivity of Is-g(s*) was
greater than that of g(s*) in the case of the overlapping boundaries in the concentration-
independent example discussed previously (t = 2460 s, Figure 28). With either approach, in
general, analysis at multiple time points should reduce the extent to which instances of

overlapping boundaries lead to erroneous conclusions.
The step function that describes cs~

As previously discussed, at any given time, the sum of an infinite number of step functions can be
used to describe the total solute concentration at all radial positions. (Regions of supernatant and
pellet accumulation can be included in such an approach, even though such regions are often
excluded in any g(s*) analysis.) At a given time, t, at a given radial position, r, cs+ (Equation 24),
which is the concentration of a hypothetical solute characterised by s*, can be expressed as

{cp,s*[l —H(@r —rg)] fors* < O}
CS* = )

CpstH(r —rg) for s* =0

(46)
where
_(Lforr—re2=0
H@r—rs) = {0 forr —re < 0}
(47)

is the Heaviside step function as it applies to r - rs+. At time t, rs+ is the boundary position of a
hypothetical solute characterised by s* in the zero diffusion limit, and that boundary position is
characterised by a hyper-sharp change in the solute concentration, cs+, from 0 to its plateau value,

Cp,st- As 15+ (Equation 23) and cps+ (Equation 16) are time-dependent, cs+ is time-dependent.
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The sum of all cs+ at a given radial position and time is equal to c at that position and time. As s* is
continuous within s*, < s* < s}, (Equations 35 and 36), there is an infinite number of cs+ values
at a given position and time. There are also two oppositely buoyant hypothetical solutes that
would each exhibit the same boundary position, rs+ at time t. At a given time, t, such solutes are

related through

(48)

where the hypothetical solute of positive buoyancy is characterised by

1 Tex
sk = —zln( ) < 0,
w*“t Tp

(49)

the hypothetical solute of negative buoyancy is characterised by

1 Tgx
S_T_:—zln( S+>>0,
wt Tm

(50)

and the difference between the two s* values for which rg: =g =rsis

1 1y Ts* 1 T
Asi = si —sI =——In L =—Zln(—b).
+ w2t \1y, T w?t  \r,

(1)
(The equation describing As} can also be obtained by equating the two expressions for rs+ in
Equation 48, and solving for s} — s*.)

Tsr

T *
Siny{—)an n are proportlona to t, S_an S+ are time-in epen ent. Asin|{—)i1sa
Asl din (=t ional * and s* ime-ind d Al:b'

Th m
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ast

. . : . as;
constant, As} is inversely proportional to t. At any given time, then, ( o ) = 0 and (—ast*) =0,
- T T

dAs} Asy . .
but (a_ti) = - ti. Any derivatives of s}, s* or As} at constant t are equal to zero.
, +

Given Equations 49 and 50, which describe the two oppositely signed s* values, s* and s}, that

characterise the two hypothetical solutes with oppositely directed boundaries at rg: =rg- =rs-at

time t, Equation 46 can be rewritten as

)

C = {Csi} _ {Cp,s:[l —H(r - rs;)]} _ {Cp.s:[l — H(r — rpes-o™)]

T b)) ST (e = mesie®)
(52)
where, at any given time, ¢+ is the r-dependent concentration and ¢, ;- is the r-independent
plateau concentration of the hypothetical solute characterised by sZ, while ¢y is the r-dependent
concentration and ¢, s: is the r-independent plateau concentration of the hypothetical solute

characterised by s}. In general, cs+, ¢ s+, €53 and ¢, 5» are t-dependent.

At a given radial position, r, at a given time, t, the sum of all csx as described by Equation 52 is

equal to

Cs* =0 Colh=sty
c= f dcg+ +f deg:
Cx * CS:__

st=s,

(53a)

in the continuous case, and
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0 Sk 0 Sk
* 2 * 2
— . - . _ _ stwet . _ siw-t
c= Z Csx + Z Cs: = Z cp,s_[l H(r Tpe )] + Z cp,erH(r Tme )
s*=s2, 51=0 sr=s2, 53=0

(53b)

in the discrete case.

If Equation 53 were used to differentiate c with respect to s* at constant t, or if Equation 3 were

applied to Equation 53, only the essential values of (%) would be obtained. To obtain the
t

dac
ds*

redundant values of( ) from c described as a function of r and t, the step functions in Equation
t

52 must be written in terms of the s* values at which (:SC) would be redundant. Doing so results
t
in
o= {Csi} B {Cp,si[l —H(r - 7’51)]} epse[1—H(r - ryelstHasio’e)]
) s CpsyH(r—7s;) cpsiH(r — rbe{si‘Asi}wzt) '
(54)

At a given radial position, r, at a given time, t, the sum of all cs+ as described by Equation 54 is

Cst=0 Cs =s%
c= f dcgr +f deg:
Cx * C *

S_=S_x S+=0
— fsz=0 1—H {s:+As}}w?t d C51=S*+xH {s3-Asi}w?t d
= [ — (r — e * )] Cpst t (r —1ye + ) Cp.st
Cst=s* Csh=0

(552)

in the continuous case, and
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0 Shx
c= D et e
st=sI, 53=0
0 Sk
— *+As} tw?t 1-As}}w?t
= Z Cpse[1—H(r — re 5= Hhsi)o )]+ Z cpsiH(r — rpelsi-astjo )
sx=sX, 53=0

(55b)

in the discrete case.

Equations 53 and 55 both describe c as a function of r and t, and either can be used to determine

a . a . ) . .
(a—i) , but both are needed to determine (i) . The two expressions for (a—;) will be obtained
t t t

first, and to obtain (%) , Equation 3 will then be applied to both expressions for (%) .
t t

As with ¢, ¢+ (Equation 16), ¢, 5: and ¢, ;- are dependent on t, but independent of r, so that, at any

0

iven time,
8 ( or or

C_ * ac,, x
p‘s+> =0 and ( p’s‘) = 0. Thus, differentiating c with respect to r at constant t
t t

yields, using the discrete form of Equation 53 to express c,

o ((acsi> \
3,- % (52) + 2 (52) -39, 1oy (= (omsr )
or/, ar J, or /, or /; (&) Cpsi6(r—rs:)
W\ o), )

s*=sX, 53=0
or

~ {—cplsi8(r - rbeSi“’zt)}

Cp’sj;_(S(T — rmesi“’zt)
(56a)

or, using the discrete form of Equation 55 to express c,
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o (<acsi> h

0 +x

5= 2 (52) + 2 (52) -5~ e 1= (sts)

or/, or /, or /, or /; k<acs;>) Cpsi6(r—rs:)
t

st=st, 3=
or

N o

Cpsi6(r—mp elsi-asijo™t)
(56b)

where, in either case, for rsx = Tgi OF I = T,

_(0H(r —rs¢)\ (oo forr—rg =0
5(7'—7'5*)_( or > _{OfOTT—T'S*#:O}

(57)

. . : . : dcgr
is the Dirac delta function as it applies to r - rs«. The sum of all ( ;i

) at a given radial position
t

and time is equal to (a—i) at that position and time, and as with cs+, there is an infinite number of
t

dcx . . iy -
( a; ) values at a given radial position and time. However, as §(r - rsx) = 0 except where r = rs~,
t

. Py dc . . 6c5*
at any time t, and at any positionr, (a_r) is equal to just the two nonzero values of( o ) for
t t

ac x dc
which r = rg, those being ( ai_) and ( a?) . Hence, starting with either form of Equations 53 or
4 t

0 . . . .
55, (a—i) yields neither a summation nor an integral.
t

ac

Calculating ( 5%

), from (5,

Applying Equation 3 to the sum of both results given by Equation 56 yields
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().~ ). =), -

{_Cp,si [5(T’ _ rbesiwzt) + 5(7, _ rme{si+As;}w2t)]rw2t}

Cpsi[6(r — rmesi‘*’zt) +6(r— rbe{si‘“j_r}wzt)]rwzt

I
VR
)
g
u’*
N————
S
<
g
N
~
I
D
3

B {—cp,si5(r — rsi)ra)zt }

Cpsi6(r — 1 Jrw’t

{_Cp,sig(r _ Tbesiwzt)wz trbesiwzt _ Cp,si5(r _ rme{si+Asf_r}w2t)w2 trme{si+Asi‘_r}w2t }
)

* 2 * 2 * * 2 * * 2
Cpsi8(T = TS+ ) witn,eS+ @t + ¢ o 8(r — 1, e[S+ 78550 t) 2 ¢y, plsi-silo®t
(58)
where r¢: =r¢- =rs+, and where the various forms of §(r - rs)rw?t were equated to the

corresponding forms of §(r - rs+)rs«w?t on the basis of §(r - rs+) being equal to zero for all r # rs~.

The properties of the Dirac delta function are such that

0H(s* — g*)) 3 <6H(r - rs*)> <6r

fc*) = = — Tox 24 = — s Y
5(s"—¢") ( PP o 6s*>t S(r —rg)rw?t = §(r — rg)rew?t,

(59)

where 8(r - rs*)rw?t can be equated to 6(r - rs*)rs*w?t on the basis of §(r - rsx) being equal to zero

for all r # rs+. As applied to c and (;;*)t, in both the Heaviside step function, H(s* - ¢*), and its
Dirac delta function, 6(s* - ¢*), ¢* will be shown (Equations 64 and 67) to be one of the two
values, s} and sZ, that characterise the two hypothetical solutes with oppositely directed
boundaries at rg: =1+ = rs at time t (Equation 48). Thus, in Equation 58,

—Cp5e 8(1 = 1S )Wty e @tt = —c, - 5(s™ — s2) = q(sZ, 1),
(60)

cp,516(r - rmesiwzt)wztrmesl“’zt = Cps10(s* —s3) = q(si,1),

(61)
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_Cp,si5(7” _ rme{si+As:‘_r}w2t)w2trme{siﬂsj‘_r}w% — —Cp,si5(5* _ {Si + As;}) = e(s%, 1)
(62)
and
Cp s 8(1 — TpelsH a5t ) 2ty elsi-asi)o’ = ¢ . 5(s* — {55 — Asi}) = e(s},0).
(63)

In Equation 62, {si + As;} is equal to the value of s} that shares rs+ in common with sZ, such that
re = rme{Si’fASl}wzt = rbeSi‘”Zt. In Equation 63, {si - As;} is equal to the value of s* that shares

Asilw?t stw?t

s« in common with s}, such that rg = rbe{5+_ =T1,e

The step-function form of c as a function of s* and t

For c expressed as a function of s* and t, cs+ is the concentration of a hypothetical solute
characterised by s*. In transforming the independent variables from r and t to s* and t, c at each
radial position r becomes equal to c at the two corresponding values of s* given by Equation 27.
At any given time, for c expressed as a function of s* and t, ¢, is the s*-dependent concentration
and ¢, - is the plateau concentration of the hypothetical solute characterised by s, while cg: is
the s*-dependent concentration and ¢, s: is the plateau concentration of the hypothetical solute
characterised by s}. In general, for c expressed as a function of s* and t, ¢+, ¢, s+, €51 and ¢, 52 are

t-dependent.

At a given apparent sedimentation coefficient, s*, at a given time, t, the sum of all cs+ is equal to
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Cst =0 Csh =5k
c= f dcgs + f deg:

Csr =s* Csh=0

Cst =0

= [T - HG =1+ [ (s = (52 + asi ) ey

Cox —o*
st=st,

Csizsix * * * * *
+ j {H(s* —sp) + H(s* — {s7 — As;})} dcps:,
Cs*+=0
(64a)
in the continuous case, and

X
0 St+x

Y ey

* =¥ *
si=s_, s3=0

0

= Z Cp,si{[l —H(s* —sH)] + [1 — H(s* — {si + As;})]}

Pa—
st=sr,
*
S+tx

Y bt — s+ H(s* — {53 — 853}

sT=0

(64b)

in the discrete case. The value of s} that shares rs» in common with s has been expressed as

{si + As;} in the integral with respect to cs+ or the sum over all s*. The value of s that shares rs+
in common with s} has been expressed as {si — Asf_L} in the integral with respect to cg: or the
sum over all s;. The integrals or sums in which [1 - H(s* - {sZ + As}})] and H(s* - {s} - As}})

appear will give rise to the redundant values of (%) , while the integrals or sums in which [1 -
t

H(s* - sX)] and H(s* - s}) appear will give rise to the essential values of (%) .
t

The Heaviside step functions in Equation 64 are described by
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1fors*—g*20}
0fors*—¢*"<0)’

H@*—¢)={
(65)

where ¢* may equal sZ, {si + Asi}, sy or {si - Asi}. The corresponding Dirac delta function is

given by

(1529 (522) (2579 ) ) (25

=8(s c)_{Ofors*—q*th}’

(66)

as*
ds*

where ( ) = 1 and, for ¢* equal to sZ, {si + Asi}, sy or {si — AS_T_}, (Z—Z:) = 0. The relationship
t - - t

of §(s* - ¢*) to 6(r - rs+), is described by Equation 59.

Applying Equation 3 to (ac;;:*_)t =0and (acg;ﬁ) = 0 yields (a;’:f*‘)t = (3059:1)t (%)t =0 and

acp s34 acp s or . . . .
( ‘ +) = ( ‘ +) (—) = 0, respectively. Thus, using the discrete form of Equation 64 to
t t t

t

ds* oar ds*
express C,
S+x
- 5,6 50 e -
ds*), ds* as* ]~ \as /),
st=s%, t  si=0 4

(&) ]

_(—cpst [6(5* —s)+ 5(5* — {si + As;})]
B { Cp,st [6(5* —si)+ 5(5* — {si - As;})] }

{—cp,sz6(s* —s*) —cpse8(s* — {s2 + Asi}) }

{q(si, t) + e(si,t)}
Cp,sig(S* —si)+ Cp,sié‘(S* - {S.T_ - AS;})

q(si,t) +e(si,t)

=q(s*,t) +e(s",t),
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(67)
where q(sZ,t) == —cp s 6(s™ — 52),q(s5,t) = cps1 6(s™ — si), e(sZ,t) =
—cp'si6(s* - {si + Asf_L}) and e(s},t) = ijsi(()‘(s* - {si - As;}). Equations 37 and 64 both

describe c as a function of s* and t. Equation 67 describes the integrand of Equation 37.

Back-calculating (g—i) , from ( ; :) .

Applying Equations 3 and 28 to Equation 67, and using Equations 27, 49, 50 and 51 to express s*,

sZ, s} and As}, respectively, in terms of w, t, 1, b and rm, yields
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dc
0s*

dc
0s*

(5), = (52, (

((E)csﬁr) 1)

ds* dcg 1 ds* tT‘wzt

W)t - (F)tm - dcg+ 1
k( ds* >t rw?t)

Cp,s*

_ ) e [5(5 —sX)+ 5(5* — {si + Asi})]
,S * * * * *
\ rZ);t [6(s* —s3) +6(s* — {s7 — As}})]
Ts I T I Ts* I p )
n,) ()G + G}
rew?t w?t
= Si Tr TS_T_ Ty (
s rm) in ()~ {im ) — 1 ()}
+6 2
J
rsi r T )
Cp st Ty ) in (a) —! (E)
+6 T
= s* r Ts (
+ +
Cp s+ Tm) in (E) —in (ﬁ)
+6 T
J
c In (rL) )
- b= 7 (q(s5,t)  e(s®,t))
3 [ _ w2t + Tgr W2t
- zn( r ) 1 ]a6nD, eGho |
DSk Si s, Lrsiwzt rsia)zt J
rgiw?t 2t w?t
\ J

(68)

where the r in rw?t is

equated to the only value of r at which the Dirac delta function it divides is

not equal to zero. Similarly, when expressing s* in terms of w, t, r and ro, ro is equated to the only

one if its two possible values, rm or rp, that can yield a nonzero result for the Dirac delta function

in which it appears. The entire exercise is somewhat futile, however, as once s*, sZ, s} and As}
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are expressed in terms of w, t, 1, rp and rm, information by which q(sZ,t) can be distinguished

from e(s*,t), or q(s},t) can be distinguished from e(s},t), is lost upon simplification.

, 0 0 , ,
Expressing (a—i) _and (a—i) in terms of step functions

N r

Differentiating c with respect to t at constant r yields, using the discrete form of Equation 64 to

express C,

(6c> B zo: (605*
at), at
st=st, r
.
5;2;;x

dc

o

(

|

(69)

Equations 70 to 75, which follow, describe all the individual terms used to determine (

acpsi

Cp,st <

d

5\

2w? Z sicpeef{[1—H(s" —

st=s’,
S
~Cps; - [60s" = s3) +8(s — {s3 — Asi})] - \
Six I
207 ) stepe(H(s" =D+ H(s" = {si - ASE})}/
53=0 /

5t ) {[1 —H(s*—s*)]+ [1 — H(s* — {si + As;})]} +

ar{[l —H(s*=s)]+[1-H(s* —{sz + As;})]}>
at .

> {H(s* —sp) + H(s* — {s; — Asi})} +\
{H(s* —s3) + H(s" —{s} - Asi})}) )

ot
Cpst - [5(5* —sX)+ 6(5* — {si + As;})] —

s+ [1—H(s" = {s= + ASE})]}/

|
/

.
DS+

t

*

0

dc

at)r'
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At constant r, the time-derivatives of the Heaviside step functions of Equation 64 are given by

<aH(sa*t— c*)>r _ (aH(sa*S - C*)>r (a(s*az g*))r 5(s" — ¢ [(% )r _ <%>r]
=00 =[(-7)- () ] = e - e+ (50

st ()

(70)
where (%) is equal to the inverse of Equation 30, and where 6(s* - ¢*)s* can be equated to
T

O(s* - ¢*)¢* on the basis of 6(s* - ¢*) being equal to zero for all s* # ¢*. As in Equation 65, ¢* may

equal sZ, {si + As;}, S} or {si - As;}.

As s’ (Equation 49) and s} (Equation 50) are time-independent, where ¢* equals sZ or s7,

(%f) = 0. As As} (Equation 51) is equal to a constant divided by t, however,
T

(aAs;) _ Ash
at /., t
(71)

Thus, where ¢* equals {si + As;},

—8(s* —¢ )[c (a:> ] = —6(s* — {s2 +Asi}) [S * o + <63i;)r]

= (s — sz +asy)) [T 2]

= —5(s" — {s2 +As1}) >

(72)

Similarly, where ¢* equals s { — As+}
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*

a5 () ] = 06 - - [ - (05

— As} As+ i} i} N Si
= —5(s* —{si - As+})[ {] = —o(s" — {si —asi}) =
(73)
By Equation 16, ¢, s+ = CO,Sie_ZSi‘*’Zt and ¢ 5 = CO,Sie‘ZSi‘”Zt. Thus, the derivatives of ¢, s+ and

Cp,s; in Equation 69 can be written as

acy s
,S— _ * 2
( P = (—2sZw?)coee >0 = —2sXwPcy o

at ).
(74)
and
(%)T = (—ZSiwz)colsie‘zsiwzt = —2s5iw’cyst
(75)
respectively.

. .. a
Indirect determination of| (a—i) .
N

Incorporating the expressions for ( ) (Equation 67), ( ) (Equation 69) and ( ) (the

inverse of Equation 30) in Equation 6, and solving for (%) _ results in
S
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(ac
dat

(76)

where

), =), (5),(G0),

.

\

‘

.

Cpsi [5(8* —sp)+6(s* —{s; —As}}) (1 _ Asi)&
\

s
Cpst T [5(5* —sX) + 5(5* - {si + As;})] -

\\\

0

kzwz Z sicps{[1— H(s" —s)] + [1 - H(s" — {s= + As3})]} )
s S [5(s" — 53) + (s — fs3 — As3)] -

2w? Z Sicpsi{H(s* = s3) + H(s" — {si — Asi})}

53=0 Y,

z gt
cpss o =500+ 8067 = 52 4 252)) (1455

Sk

)

*
S+

As}y

—Cps* t_ 6(5* - {si + As;}) -
0
202 Z SiCp’Si{[l —H(" =s)]+[1-H(s"—{s* + As;})]}/
st=s%,
As* ’
ey 55t — 53 - 853)) -
Six
2w? Z sicpsi{H(s* —s3) + H(s™ — {si — Asi})}
53=0 Y,
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( ac ) (ai) _ (@Z )t (%) l e |55 = 52) (aast*)r +8(s* = {s2 +as1}) (a;t*)r]
0s™/¢\ Ot / <6C51> (as*)r) Cp,st [5(5* —53) (Zi)r +6(s* — {s5 — Asi}) <aast*>r]

\\as* ) \at

* *

—Cpst [5(5* —s¥) (— ST) +68(s* = {s2 + As3}) (_ S?)]

* *

{ Cp,st [5(3* —53) (— %) + 5(5* - {si - As;}) (— %)]
Cps* % [6(5* —s¥)s* + 5(5* — {si + As;})s*]
—Cps3 % [6(s* —s3)s* 4+ 6(s* — {s; — As}})s*]
{ Cps* % [6(s* —s2)s + 8(s* = {s* + AsiP{s” + Asi}]

1
—Cpsi T [6(s* —s3)st +6(s* — {s7 — Asi}){s; — Asi}]

[ AsiN] )
e = [0G5" = s+ 8(s" = {5 + asi)) (14 22|

l_cp,si ST+ [5(5* —s3) +8(s" — {s; — Asi}) (1 - ASSE)U |

(77)

os°

In Equation 77, the value of s* obtained from (at

) is equated to the only value of s* at which the
T

Dirac delta function it multiplies is not equal to zero.

. . . 9
Direct determination of| (a—i) .
S

At constant s*, the time-derivatives of the Heaviside step functions of Equation 64 are given by

(57) = (5 (%52) o= [G), - ()|

*

*

- -sofo-(35), | a2 (55,
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(78)

As in Equations 65 and 70, ¢* may equal sZ, {si + As;}, sy or {si — As;}.

Again, as sZ (Equation 49) and s} (Equation 50) are time-independent, where ¢* equals s* or s},

(a_g*) _ = 0. And again, as As} (Equation 51) is equal to a constant divided by t,

ot /s
(6As;) _ Asy <6As;)
ot /¢« t \ot /)’

(79)

Thus, where ¢* equals {si + As;},

dg* 0As}
= =857 =6 (S5 ) = -0(s" — {0 + as)) (52) = —a(s" -~ fs + asi)) |-
= (s — fs2 + Asz))
(80)

Similarly, where ¢* equals {si — As;},

*

o656 (B) =05~ s~ asi) [~ (B2) | = (s ~ (53~ asi) [

= —o(s" — {51 - Asz))

(81)

The derivatives of ¢, s+ and ¢, s with respect to t at constant s* are

D,S— _ * 2 —2s*w?t _ x 2 _ D,S—
= (—2sXw?)cy e = —25"wc, + =
( ot >S* ( )O,S_ p,S= < ot )T

(82)

and

dcy ¢ dcy ¢
Lot = (—2s; 2 —2sjw?t _ * 2 _ DS+
= Sfwe)cy e =S+t = _2sF wec, o =
( Jt 5 * 0.5+ T PsSt Jt T’

(83)
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respectively.

Using Equation 64 to express c, and applying Equations 78 to 83, yields the same result for (%) .
S

as that obtained in Equation 76. A comparison of Equations 69 and 76 shows that (%) differs
T
dc . . . dc . .
from (E) . solely with respect to the Dirac delta functions. In (E) (Equation 69), the Dirac delta
S T

functions that contribute to the peaks and valleys of q(s*,t) and e(s*t) are multiplied by either s}

ors’.In (%) . (Equation 76), there is no Dirac delta function that would contribute to the peaks
S

and valleys of q(s*t), but the Dirac delta functions that contribute to the peaks and valleys of

e(s*t) are multiplied by As}. As As} = si — s* (Equation 51), (%) makes a higher magnitude
- _ s*

contribution to the peaks and valleys of e(s*,t) than (%) does.
T

Calculating g(s*) in terms of step functions

Subtracting e(s*,t) (Equations 62 and 63) from Equation 58 yields

6csi .
) I( ds” )t T el l
t) =
dcg:
(Ge) —eci0)

(o5 e7BEOS(r — rpeSt O ) wPtr,estett) {q(si, £) }
colsie—ZSlwztg(r _ rmesiwzt)wztrmesjrwzt q(st, o))

(0 = (52) —ets
q(s*,t) = 35, e(s”,

(84)

Subtracting e(s*,t) from Equation 67 yields
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( acsi

—e(si,t .
dc, 95 )t e(s%0) —Cose 20 (s" —s2))  (q(st,b)
q@ﬂﬂ=( *)—e®ﬂ0= 5 =1 utter e ={ . }.
ds* /¢ Cs} —e(si0) Cosie “*9t8(s™ —si) q(si,t)
k 0s* ), * }

\

(85)

Multiplying q(s*t) (Equations 60 and 61) by e25"@*t which, in Equations 84 or 85, involves
multiplying the expressions for q(sZ,t) and q(s},t) by e252w*t g e2510*t respectively,
normalises for the radial dilution/concentration effect, and thus yields

" iy _ _ s w?tY, 2 st w?t
s =t it DSl

* 2 * 2 * 2
q(si, t)e?s+wt Co,s. 0 (1 — T+ ) witn, e s+t

—Co,s*
= { Cost }6(1‘ — T )W?trg,

(86)

from Equation 84, and

q(sz,t) eZSiwzt} B {—60,515(5* — sz )}

s¥) = S*,t eZS;th — . % %
,g( ) CI( ) {Q(Si,t)ezs+w2t CO,S:_5(S _S+)

87)

from Equation 85.

Applying tinite-difference approximations of (%) _and (%) to experimental data
T

N

Equations 69 and 76 can be applied to experimental data by using the finite-difference

Acgs
t

. . Acy
approximations, —= and :

. dc dc . . .
, in place of (E)r and (E)s*’ respectively, as was done in Figures 18

At
Asy

Acs. Acr S
Act from A—Ct, and multiplying by

to 20. Subtracting (where As; is given by Equation 43), yields
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% (Equation 42), which is the finite form of (%) . The time difference, At =t - [t - At], is that
t

between the later and the earlier data sets employed.

Acg.
At

As noted with respect to Figures 19 and 20, contributes little to the peaks and valleys of

q(s*t), but is critical to identifying the redundant peaks and valleys that must be assigned to

. Acs A _
e(s*t). Furthermore, away from the regions of % and f that contribute to the peaks and valleys

Acs. A .
S from — cancels any effects of radial

of e(s*t) and q(s*t), the subtraction of :I: "

dilution/concentration that Acs+ and Acr accumulate during At. (The expectations arising from a

comparison of Equations 69 and 76 are consistent with the results shown in Figures 19 to 20.)

The difference between the Rl noise at times [t - At] and t should be the same for Ac, and Ac,.

Acg, . Acy .
A; is subtracted from A—tr in the course of

Thus, any RI noise should be eliminated when

AASC* (Equation 42). (Provided that transport is slow relative to At, (Ac,) and (Acs.),

calculating

which are the mean values of Ac, and Acq,, respectively, can be fairly good approximations of the

RI-noise difference within a given At.)

Time-independent (TI) noise is eliminated in the course of calculating Ac,. As noted with respect

to Equation 41 and Figure 20, however, TI noise is not eliminated in the course of calculating Acs-.

Ac
As*

At

will ultimately include — A Acs,

At

Thus, times whatever TI noise is present in —. (See Equations 42

5

to 44.)

Acgy
At

The iterative approach of Stafford (1992) calculates TI-noise-free approximations of — from AA—C;.

119



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

Acg.
At

That iterative approach will not generate the values needed to identify redundant peaks,

however, and thus will not work for analytical systems in which s* ranges above and below zero.

In Is-g(s*) analysis, TI noise can be fit (Schuck & Rossmanith, 2000), but as discussed with
respect to Figure 30, information regarding solutes that are not neutrally buoyant may be lost as
a result. Fitting both the RI and TI noise results in a loss of information regarding neutrally
buoyant solutes only, which is not such a high price to pay, as it is known that the vicinity of s* =
0 is where that information would be. As will be shown (Figures 48 and 50), however, misleading
results can be obtained if too few data sets from too short a short time period are included in
Is-g(s*) analysis. Thus, if g(s*) results are sought for an extremely narrow time range, alternative
methods of eliminating TI noise are needed. One such method, which requires that there be data

consisting of just TI noise plus an offset in the signal, is presented next.

Acgy
A; : Background

Using data from early time-points to estimate the TI noise in

Ac
A

The TI noise in any given set of i data can be determined from data obtained before any

significant concentration gradients have developed, or, if the supernatant and pellet regions are
on no interest, from data obtained after the solute concentration has been almost totally depleted
between those regions. For data collected from a given system over time, subtracting the earliest
data set from all subsequent data sets should eliminate the TI noise from the later data, at a cost

of introducing an offset in the signal. As such an offset is a form of RI noise, it will be eliminated in

Ac
As*

the course of calculating
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Although c, or the signal that corresponds to c, is a continuous function of r and t, data are only
collected at discrete time-points and radial positions. Let c, represent the signal as a function of r
at the earliest time, t,, that data were collected. Let cm represent the signal as a function of r at
time tm, where tn, is much greater than t.. Let ¢, represent the signal as a function of r at time t,
where t, is also much greater than t,, but only slightly greater than tn. It is assumed that data are
collected at the same radial positions at each time. (Any time-dependence in the alignment of the
detection system with the chemical system, such as that due to rotor deformation with changing
angular velocity, in ignored.) It is further assumed that the meniscus and base lie withinr; <, <
rn, Where h is the index of the N radial positions at which data are collected at each time.

(Assuming that the index increases with increasing radial position, r1 < rm and rp < rn.)

A : . . . .
To evaluate ﬁ, the c-versus-r (or signal-versus-r) data at two time-points are used without prior
transformation or interpolation. At each common ry value, the concentration at the earlier time is
. : : o . A
subtracted from the concentration at the later time to obtain Ac;. Dividing Ac: by At yields Aitr,

where At is the time-difference between the two data sets.

Acgy
At

To evaluate —, the c-versus-r (or signal-versus-r) data at two time-points must first be

transformed to c-versus-s* (or signal-versus-s*) data. Next, at least one of the transformed data
sets must be interpolated, so that both transformed data sets share common values of s*.
Following the transformations and interpolations, at each common s* value, the concentration at

the earlier time is subtracted from the concentration at the later time to obtain Acs+. Dividing Acs+

Acg
At

by At yields —=, where At is the time-difference between the two data sets.
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In the example presented here, the time-difference, At = Atym = tn - t, is that which pertains to
the two data sets, ¢, versus r and cm versus r. The corresponding concentration difference at
constantr, Acr = A[cml, = Cn - Cm, is that at each value of r,, which the two data sets share in
common by default. The corresponding concentration difference at constant s*, Acss = A[Cpn]ss 1S

that at each common s* value, and may equal ¢y, - Cm*, Cn* - Cm* OT Cn* - Cm, Where cy* and cy* are

interpolated values of ¢, and cm, respectively. Division of each A[cpp, | by Atam yields A[Act”—m]r = %

Crnimls+ __ Acs,

. L . A
as a function of the common values of ry. Division of each A[cpm]s« bY Atam yields [At v
nm

a function of the common values of s*.

Let s, represent s* at ty, and let s, represent s* at t,, where both s;, and s, are only calculated at

r = rp. By Equation 27,

s
Sm = w?t,, " To
(88)

and

(89)

As tn > tm, at a given value of ry and a given value of ro, |s;;| < |s;,|, and as the c-versus-r data are
far from continuous, there are unlikely to be values of s, and s;, in common. Thus, at a given
value of s;, (where data exists for cn), there will usually be no data for cm. Likewise, at a given
value of s,, (where data exists for cm), there will usually be no data for cn. To calculate A[cpm s
which requires that the concentrations at two different times have s* values in common, at least

one of the transformed data sets, cm versus s, or ¢, versus s,, must be interpolated.

122



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

Using the convention employed for the preceding examples (Figures 8 to 20), the earlier
transformed data set, cm versus s,,, is interpolated, and the later transformed data set, c, versus
Sn, is used as is. The interpolated values of ci, are denoted as cm*. As a function of s*, the cn* values
are found at the corresponding, interpolated values of s;,, which are denoted as sy,.. As a function
of r, the c* values are found at the corresponding, interpolated values of ri, which are denoted as

rm*. By Equation 27,

. 1 l(rm*)
Sm*_wztm n o/’
(90)

and as the s,,, values must equal the existing values of s, , the right-hand sides of Equations 89

and 90 can be equated, and solved for rm=* to obtain

1
Ty = (.r.htmTOAtnm)tn )

(91)
(For rm* = r1, 'n = 12, tm = th and Atam = t2 - t1, Equations 91 and 41 are identical.) In combination,

Equations 27, 88, 90 and 91 yield

tm
. (1 , [rh]g - 0\
* n - —_—
ln( Z:) ) 1 o (Tm*> ~ w2t,, T

(92)

The concentration difference as a function of s;,,, is A[cpmlsx = € — Cms, Where ¢y is that at s;;, Cm*

ml

. * * * oo . A * . .
is that at s;;,,, and s;;,, = s;;. Division of each A[c,;;, s« by Atnm yields % as a function of either
nm
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Sp OT Sy, Although any function of s, could also be considered a function of s, s, is regarded as
the independent variable here, in part to be consistent with the convention adopted previously
(Figures 11 to 13, and Figures 18 to 22), and in part because s, is a less ambiguous function of a
time than s,,, is. (As defined in Equation 89, s;, is a function of ty, ry, ro and w. As defined in
Equation 92, s,,, is a function of tm, tn, 'h, ro and w. Thus, s, depends on just one time, while s;,,,

depends on two times.)

At any given time, the Rl noise at all values of ry, and at all s* values derived from those values of
rh (Equations 88 and 89), must be equal. Furthermore, at any given time, the Rl noise at all
interpolated radial positions (Equation 91), and at all interpolated s* values (Equation 92)
derived from those interpolated radial positions, must be equal to the RI noise at all values of ry
from which the interpolated radial positions arise. The RI noise at times t,, tm and t, is denoted as
RI;, Rlm and Ry, respectively. The contribution of RI noise to either A[c,, ], or Alcpmls« is thus
ARIL,,, = RI, — RI,,,
(93)

where ARl is a function of t and ty.

At any given radial position, the TI noise at times ta, tm and t, must be equal. Let TI, denote the TI
noise at a given value of ry, and let Tl denote the interpolated TI noise at a given value of rm=.
The contribution of TI noise to A[cy]s. is thus

ATy = Tl — Tl
(94)
where ATInm+ is a function of rn and rm+, which, in turn (Equation 91), is a function of tn, tn and 1.
(With respect to its usage, however, ATIhn* is treated as a function of s;, (Equation 89).) The
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contribution of TI noise to A[c¢,;; ], is
ATl =TI, — T, = 0.
(95)
In the limit as tm approaches t,, the set of all rm* approaches the set of all r,, at which point, ATIym+

approaches ATIqp.

According to Equations 93 and 94, the net contribution of the RI and TI noise to A[cm] s iS
ARInm + ATInm+. Substituting the ca versus r data for both the cm versus r and ¢, versus r data in
Equations 93 and 94, but keeping tm and t, as their respective time-points, results in Al cpm—aalss
= ATIhm* + ARInm-aa, Where the subscript, nm — aa, indicates that c, values have replaced both
the cn values and the cn values used to calculate A[cy ] 5.

With respect to s;;, A[Crmoaalss = Cq — Cqs» Where ca is that at s;;, ca+ is that at s;;,,, and s;,,, = s;..

With respect to radial position, Al m—aalss = Cq4 — Cax» Where ca is that at y, ca* is that at rm+, and

1

by Equation 91, 1, = (rhterAt”m)a. The ca* values must be interpolated. The ca values are used as

is.

As the contribution of RI noise to A[¢m-aals« 1S
ARL,. oo = RI, — RI, = 0,
(96)
AlCcpm—aals«= ATIhm* Thus, the difference, A[cpmlss — AlChm—aals« should be free of TI noise, but
should have the same RI noise as A[cpm |5+, Which, in turn, has the same RI noise as A[ ¢, |- (With

respect to either A[c, s+ OF AlCpmly, the contribution of RI noise is ARInm (Equation 93).)
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Incorporating Al ¢ m—aals« (@ special case of Equation 94) into Equation 42 corrects % for TI-

noise. So-corrected, Equation 42 becomes

AC — A[Cnm]r _ A[Cnm]s* - A[Cnm—nla]s* Atnm
As* Aty At As; '

97)

Atnm . . . ot . . .
A;‘I" is an approximation of (6s*) and, on the basis of Equation 27 in general, and
r T

where

Equations 89 and 90 in particular,

1 1 1 T —Atnm T
o =i = el - ) = [l )
w?lt, tn o W2ty t, 0

(98)
is the change in s* from time ty, to time t, at radial position ry. Each of the two possible values of
ro is discussed with respect to Equation 27. (Substituting t: for ty and tz for t, in Equation 98

yields Equation 43.)

signal difference Alcymly Alcnml s« Alchm—aalss

Rl noise difference | ARIyy = R, —RL, | ARI,, = Rl, —Rl, | ARIyyoga = RI, —RI, =0

Tl noise difference | ATl = Tl — Tl = 0 | ATy, = Tl — Tly. AT Ly, = Tl — Ty,

Table 1. The contribution of the RI and TI noise to A[c,m ]+ Alchmls« and Alcpm—aals« (See

Equations 93 to 96.)

The net contribution of the RI and TI noise (Table 1) to the difference,

Alcpymly — (Alcumlse — AlCm—aals«), is zero. Thus, % should be free of either RI or TI noise.

. . . . . . Ac o .
Contributions from random noise will remain present in oo o matter how it is evaluated,

however.
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Acs. .
Aci : lllustrative example

Using data from early time-points to estimate the TI noise in

The figures that follow apply the method described in the preceding section to data that, but for
the addition of RI and TI noise, and the retention of data in the supernatant and pellet regions,

are identical to the data shown in Figure 15.

signal, as c, (g/ml)

6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)

Figure 40. Plots of cm versus r = ry at tm = 2910 s (. ), and cp versusr =rpatt, = 2916 s
(—). With the RI and TI noise subtracted, and the supernatant and pellet regions excluded,
these same data would be identical to the data shown in Figure 15. Also shown is ca versus r = ry
atta=0s (-oeeeeee ), which is an ideal initial time-point at which data are available from

simulations, but is an admittedly inaccessible time-point with respect to experimental data. The
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Rl noiseatta=0s, tm = 2910 s and t, = 2916 s, respectively, is RI. = -5.4 g/ml, Rl;y = -5.5 g/ml

and RI, = 6.5 g/ml. The TI noise is equal to ca - Rl..

signal, as ¢, (g/ml)

I I I I
0.0 5.0x10™  1.0x10" 1.5x10™

s* (s)

I I I
-1.5x10™ -1.0x10™ -5.0x10™

Figure 41. Plots of cm versus s* = s;, at tm = 2910 s ( ), and cn versus s* = s, atth = 2916 s
(—). With the RI and TI noise subtracted, and the supernatant and pellet regions excluded,
these same data would be identical to the data shown in Figure 17. Also shown are c, versus s* =
Smattm =2910s (--oooee- ) and ca versus s* = s, atty = 2916 s (- ), which do not quite overlap.

The Rl noise atta =0's, tm = 2910 s and t, = 2916 s, respectively, is Rla = -5.4 g/ml, R, = -5.5

g/ml and RI, = 6.5 g/ml.
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Figure 42. Plots of% Versus r =1y ( Versusr=rp (s+ ), where At,,,, =

tnm Atnm

2916 s - 2910 s. Except for an offset of Rfnm _ 12 ‘ngl, and excluding the supernatant and pellet

nm

. Alcnml]
regions, At"mr

. . A L — . .
would be identical to f, which is shown in Figure 16 as a function of r = ry, and in
nm

Figure 19 as a function of s* = s,,. The Rl noise at tm, = 2910 s and t, = 2916 s, respectively, is Rl

= -5.5 g/ml and Rl = 6.5 g/ml. Thus, ARIym = Rly - RIm = 12.0 g/ml, and AARtﬂ = 2.0 g/ml
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Figure 43. Plots of Alcnmls: Anm - versus s* = s;, ( ) and [C’me‘:la]s versus s* = s;; ( ), where At

= 2916 s - 2910 s. Compare these data, which show the consequences of RI noise (resulting in an

offset of 2Rnm _ 12 g/ml
At

nm

in Figure 18. The Rl noise at tm = 2910 s and t, = 2916 s, respectively, is Rl = -5.5 g/ml and RI,

= 6.5 g/ml. Thus, ARInm = Rly - RIm = 12.0 g/ml], and = 2.0 [g/ml]/s. As ARInm—aa = Rla - Rla

— 0’ ARInm-aa
Atpnm

=0 [g/ml]/s.
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Figure 44. Plots of Blenmlr G opsus s* = sy ( ) and Lenmls: ~Alenm-aals: o6 5% = Sp (—),
Atnm Atnm

where At,,;, = 2916 s - 2910 s. Compare these data, which show the consequences of Rl noise

. . ARI 12 g/ml Ac Acs, . .
(resulting in an offset of —— = 9/ ), to— and —= in Figure 19.
Atpm 65 At At
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Figure 45. Plot of Lenmlr _ Alenmls —Alenmoaals: opgyg g = Sy (—), where At,,,, = 2916 s - 2910
Atnm Atnm
. . , . A Ac, .
s. Except for points near s* = 0 and the extrema in s*, these data are identical to Aitr — ALZ

Figure 19. Table 1 shows the contribution of the RI and TI noise to A[¢,m 17 Alchmls« and

Alcum—aals«- The net contribution of the RI and TI noise to the difference,

Alcpmlr _ Alcnmls«—Alcnm—aals
Atnm Atnm

, is zero.

[cnmlr _ Alenmlss—Alcnm—aalss

Applying Equations 97 and 98 to 2 (Figure 45) yields %, which, away

from s* = 0 and the extrema in s*, is identical to AASC* in Figure 20, and elsewhere closely resembles
(;SC*) att = 2910 s (Figure 25). Applying Equations 29 and 7 to determine q(s*t) from AASC*, and
t
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applying Equation 32 to normalise q(s*t) for the effects of radial dilution/concentration, yields
g(s*), which, away from s* = 0 and the extrema in s*, is identical to g(s*) in Figure 21, and

elsewhere closely resembles g(s*) at t = 2910 s (Figure 26).

Calculating g(s*) from the TI-noise corrected application of Equation 3

Figure 46 presents |g(s*)| from A[Act"m]r - A[C"m]s*;f[cnm*aa]s* (Figure 45), along with |g(s*)]|

calculated from a TI-noise corrected application of Equation 3,

(;;)t N (W)t (;:*)t'

(99)

ar

where, in ( -
s

) = rw?t (Equation 28), t = t, = 2916 s. The subtraction, cn - c,, yields a TI-noise
t
corrected concentration, and the RI-noise that remains in cy — ¢, is eliminated when the

. . dlcn— . . .
derivative, (%) , is taken. (Figure 40 shows c, versus r and c, versus r.) Figure 46 also
t

includes the previously shown (Figure 26) results for |g(s*)| obtained by the application of
Equation 3 to noise-free data (Figure 23) for which t = tn, = 2910 s. The results in all three cases

are practically indistinguishable.
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Figure 46. Plots of |g(s*)| versus s*att = 2910 s ( ) from Figure 26b, |g(s*)| versus s* att =

2916s(----- ) from Alenmlr _ Alewmlss~Alerm-saalse (Figure 45), and |g(s*)| versus s*att = 2916 s

Atpm Atpm

(reeeeee ) from ((;3:) = (w) (%) (Equation 99), which is a TI-noise corrected application of
t t t

Equation 3. Data are shown on a logarithmic scale above the |g(s*)|-axis break.
/g(s*)] and Is-g(s*) results for data that include RI and TI noise

In this section, the results of |g(s*)| and Is-g(s*) analysis of data that include noise are compared
with the results of such analysis with noise-free data. With respect to the Is-g(s*) analysis, the
effect of the number and time span of the data sets is also examined. In the first set of
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comparisons, the Is-g(s*) analysis is applied to just three sets of data from an extremely short (12
s) period, while in the second set of comparisons, the Is-g(s*) analysis is applied to five sets of

data from a substantially longer (900 s) period.

Each Is-g(s*) analysis shown in Figure 48 was applied to three data sets, each consisting of signal
versus r or c versus r data at timest = 2904 s, t =t = 2910 s, ort = t, = 2916 s. The data that
included RI and TI noise are shown in Figure 47. The corresponding noise-free data are those at t
= 2910 s * 6 s, for which the results of previous Is-g(s*) analyses are shown in Figures 28 and

30.

For the Is-g(s*) analyses presented in Figure 48, the positions of the radial extrema of the system
were set to the known positions of the meniscus ( rm = 6 cm) and the base (r, = 7.2 cm); the
lower and upper radial limits of analysis were set at rm + 0.02 cm and 1, - 0.02 cm, respectively; a
range of -12 Svedberg to 12 Svedberg, with a resolution of 240 points, was used; the meniscus
position was not fit; and the confidence level was set to 0. Both the RI and TI noise were fit,
except in one of the analyses of the noise-free data, in which neither were fit. (The Is-g(s*)
analyses shown in Figures 28 and 30 did not include TI noise in any fit, but were otherwise

identical to the analyses shown in Figure 48.)
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6.0 6.2 6.4 6.6 6.8 7.0 7.2
r (cm)

Figure 47. The previously shown (Figure 40) plots of ¢y versus r = rp at tm = 2910 s (. ), and

Cnversusr =rpatt, = 2916 s ( )- Also shown is ¢civersusr = rpat tj = 2904 s ( )- The RI
noise at tj = 2904 s, tm = 2910 s and t, = 2916 s, respectively, is R} = -2.5 g/ml, RI, = -5.5 g/ml

and RI, = 6.5 g/ml. As in Figure 40, the TI noise is equal to ca - RlL..
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Figure 48. A plots of the previously shown (Figure 46) |g(s*)| versus s* results att = 2916 s

Alcpmlr _ Alcnmls«—Alcnm—aalss

Atpm Atpm

(

) from (Figure 45). Also shown are the Is-g(s*) versus s* results,

obtained with the RI and TI noise fit, for the three data sets (t = 2910 s + 6 s) of Figure 47
(—). Additionally, the Is-g(s*) versus s* results, obtained with (-« ) and without (- - - - - ) the
RI and TI noise fit, are shown for the equivalent noise-free data. (The noise-free data at the
central time-point of t = 2910 s are found in Figure 23.) Data are shown on a logarithmic scale
above the |g(s*)|-axis break. To put Is-g(s*) versus s* and |g(s*)| versus s* on the same scale, the

s* values returned by SEDFIT were multiplied by (10-13 s/Svedberg), and the Is-g(s*) values were

multiplied by (1 Svedberg/10-13 s).
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In Figure 48, the Is-g(s*) results obtained with the noise-free data, and without fitting the RI or TI
noise, closely resemble the corresponding |g(s*)| results. There is a substantial difference
between any of the other corresponding Is-g(s*) and |g(s*)| results in Figure 48, however. The
divergent results seem due to the shortness of the period (12 s) spanned by the three data sets
used in the Is-g(s*) analyses. When that time-span is extended to 900 s, using five sets of either
the noise-free data shown in Figure 23, or the corresponding data that include RI and TI noise
(Figure 49), the 1s-g(s*) results become much less distinguishable from one of the corresponding
|g(s*)| results (Figure 50). Thus, the likelihood of obtaining misleading results from Is-g(s*)
analysis seems to be low, except when too few data sets from too short a short time period are

included in the analysis.

4.0~
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N
()]
|
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6.0 6.2 6.4 6.6 6.8 7.0 7.2

r (cm)

Figure 49. Plots of signal versusr =rpatt =tg = 2010 s ( ), t=t=2310s( Yt=tc=

138



g(s*) for s* within -co < s* < oo, copyright May 11, 2012 (CIPO 1095598), Thomas P. Moody,
MoodyBiophysicalConsulting.blogspot.com

2460 s ( Yand t=1t=2610s ( ), plus the previously shown (Figures 40 and 47) plot of

Cmversusr =rpatt=tm =2910s ( ). The RI noise at tg = 2010 s, t, = 2310 s, tic = 2460 5, th =
2610 s and tm = 2910 s, respectively, is Rlp = 2.00 g/ml, RI, = 3.25 g/ml, Rlx = 3.50 g/ml, RI) =

2.50 g/ml and Rly, = -5.50 g/ml. As in Figures 40 and 47, the TI noise is equal to ca - Rla.

Each of the two Is-g(s*) analyses shown in Figure 50 was applied to five data sets. In one analysis,
the data were those shown in Figure 49, and included RI and TI noise. The corresponding noise-
free data are those shown in Figure 23. The Is-g(s*) analyses presented in Figure 50 were
conducted largely as described for those of Figure 48. Briefly, the positions of the radial extrema
of the system were set to the known positions of the meniscus ( rm = 6 cm) and the base (r, = 7.2
cm); the lower and upper radial limits of analysis were set at rm + 0.02 cm and rp - 0.02 cm,
respectively; a range of -12 Svedberg to 12 Svedberg, with a resolution of 240 points, was used;
the meniscus position was not fit; the confidence level was set to 0; and both the Rl and TI noise

were fit.
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Figure 50. A plot of the previously shown (Figure 46) |g(s*)| versus s* results att = 2916 s

Alcpmlr _ Alcnmls«—Alcnm—aalss

Atpm Atpm

(

) from (Figure 45). Also shown are the Is-g(s*) versus s* results,

obtained with the RI and TI noise fit, for the five data sets (t =2010 s to t = 2910 s) of Figure 49

(eeeeeee )- Additionally, the Is-g(s*) versus s* results, obtained with the RI and TI noise fit, are

shown for the equivalent noise-free data ( ) of Figure 23. Data are shown on a logarithmic
scale above the |g(s*)|-axis break. To put Is-g(s*) versus s* and |g(s*)| versus s* on the same
scale, the s* values returned by SEDFIT were multiplied by (10-13 s/Svedberg), and the Is-g(s*)

values were multiplied by (1 Svedberg/10-13 s).

g(v*) analysis of data obtained by membrane-confined electrophoresis
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Membrane-confined electrophoresis (MCE) is similar enough to AUC that the data from both
methods can be analysed in a similar fashion. The data collected during MCE include the values of
a dependent variable related to the total mass concentration, c, of all solutes, and the

corresponding independent variables of time, t, and spatial position, €. Data regarding electrical,

dac

temperature and other parameters that are likely to affect (—) and (@
t

0¢ at

)f are also recorded. The
proportionality between an experimentally measured signal and a specific solute concentration

may vary from one solute to another. For example, it is often the case that some solutes, such as

buffer salts, are completely undetectable, or nearly so.

MCE differs from AUC with respect to the geometry and boundary characteristics of the system.
In MCE, the sample occupies an open system with rectangular geometry. An electrical current, i,
flows through semipermeable membranes that are in contact with dialysate at the top and the
base of the system. Sufficiently large molecules, including macro-ions, remain between the
membranes. Thus, MCE is an electrical analogue of AUC. Details regarding MCE can be found

elsewhere (Laue et al.,, 1989), including the reference (Moody, 2011b) relied upon here.
Characteristics of v* and g(v*)

The apparent product of the electric field, E, and the electrophoretic mobility coefficient, u, is
defined as the apparent electrophoretic velocity coefficient, v*. The distribution function of the
electrophoretic velocity coefficient is g(v*). (Due to the concentration-dependent characteristics

of both E and v, it is only practical to work with their product when defining the apparent
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parameter that is analogous to s* in AUC. As will be discussed, after analysis, v* can be divided by
an estimate of E, and g(v*) can be multiplied by the same estimate of E, in an effort to normalise

the results for electric field strength.)

Each value of v* is a combined transformation of a value of §, a value of t, and a reference

position. By definition, v* is equal to the electrophoretic velocity coefficient of a
thermodynamically ideal solute that, in the limit of zero diffusion, would exhibit a hyper-sharp
boundary in its concentration at a specific spatial position and a specific time. There are two
possible orientations of that hyper-sharp boundary, one of which would arise from a negatively-
directed solute for which v* is less than zero, the other of which would arise from a positively-
directed solute for which v* is greater than zero. Thus, each value of v* describes the behaviour of

a step function that can represent a hypothetical solute concentration in an all-or-none fashion.

Henceforth, a hypothetical solute is defined as an imaginary, thermodynamically ideal, non-
diffusing solute characterised by a v* value and a constant of concentration. Of the two oppositely
signed v* values that correspond to a transition in a hypothetical solute concentration at spatial
position € and time t, the one having v* < 0 corresponds to the transition for which the
hypothetical solute concentration at time t is zero at all spatial positions greater than &, and the
one having v* > 0 corresponds to the transition for which the hypothetical solute concentration

at time t is zero at all spatial positions less than €.

A hypothetical solute can be said to exhibit a zone of depletion where its concentration is zero,
and a plateau region within which its concentration is greater than zero and independent of
spatial position. The concentration of a hypothetical solute in its plateau region is, by virtue of
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being independent of spatial position, called its plateau concentration. In MCE, the plateau
concentration of a hypothetical solute is equal to a value that, due to the rectangular geometry of

the system, is independent of time.

To within some approximation, g(v*) analysis reveals the relationship between v* values and the
initial concentrations of the corresponding, hypothetical solutes. With the possible exceptions of

the extreme time points, the number of v* values is infinite at any given time. Thus, within a g(v*)
distribution, for any given hypothetical solute characterised by a randomly chosen v* value, the

apparent initial concentration is most likely zero, or of a magnitude attributable to noise.

Given a function to convert between € and v* at any given time (Equation 117), the independent
variables of MCE data can be transformed from t and € to t and v*. It is then possible to plot c
versus v* at time t, but in doing so, the value of c at any single spatial position at that time will

map to the two values of v* that are calculated for that spatial position and time. Likewise,

following such a transformation, it is straightforward to obtain the derivative, (ﬁ) , which is
t

single-valued when viewed as a function of v*, but is double-valued when viewed as a function of

£

dac
av*

At any given time, where

o),

than zero at the two values of v* calculated from that value of &, but the sign of (%) will match
t

is greater than zero at some value of ¢, |( ) | will be greater
t

dac
ov*

the sign of just one of those v* values. The v* value where the signs of ( ) and v* match will be
t

: : ] , ]
the v* value that matches the orientation of (a—g) at the corresponding ¢ value. Each (ﬁ) that
t t
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ac

matches the sign of v* is deemed essential with respect to calculating g(v*). Each (av*

) that is
t

opposite in sign to v* is deemed redundant, and a value of zero is used in its place when

calculating g(v*). At any given time, half of the nonzero (%) values will be deemed essential,
t

and half will be deemed redundant.

Nullifying the redundant nonzero values of (%) yields g(v*). The integral of |g(v*)| with
t

respect to v* yields the cumulative distribution function, G(v*), which equates to a weakly time-
dependent measure of the concentration of all solutes for which the apparent electrophoretic
velocity coefficient is less than or equal to v*, but greater than or equal to the minimum possible

value (Equation 124) of v* at some specific time.
Derivation of g(v*)

By an approach analogous to Bridgeman’s (1942) derivation of g(s*), the derivation of g(v*) can

start with the total differential of ¢ with respect to € and t,

de= (%) ag+ (£9) e
(100)

At constant t, this equation reduces to

(101)
Thus, where c is defined as a function of € and t, the partial derivative of c with respect to v* at

constant t, obtained through division by an infinitesimally small change in v* at constant t, is
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(102)
By an approach analogous to Stafford’s (1992, 1994, 2000) derivation of g(s*), the derivation of

g(v*) can also start with the total differential of c with respect to v* and t,

d __(60) d *-r(ac) dt
“=\ov ), T\a),.

(103)
from which, through division by an infinitesimally small change in t at constant &, the partial

derivative of ¢ with respect to t at constant &,

(6C) _(ac> (617*) +(ac>
ot)e  \ov*/ \ ot )¢  \at/,”

(104)

is obtained. Solving Equation 104 for (%) yields
t

()= |G, ~ (0. o),

(105)
Equation 105 can be applied using finite differences in c, t and v*. In the limit as the finite time-

difference approaches zero, Equation 105 and Equation 102 yield identical results.

Of the four time-dependent effects described for AUC, one, the radial dilution/concentration

effect, has no equivalent in MCE. The remaining three time-dependent effects exhibited by (ac)
t

as*

ov*

in AUC, however, do have equivalents that are exhibited by ( Oc ) in MCE. The least subtle of
t

these is the time dependence of the positions (in terms of v*) and magnitudes of redundant
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] . : s .
nonzero values of (%) . As with g(s*) analysis, this is the one time dependence that can be
t

unambiguously eliminated, which is accomplished simply by subtracting the redundant nonzero

0 . L1 . . .
values from (aTC) . Doing so leaves, q(v*t), which is the nonredundant derivative of c with
t

respect to v* at constant t. As there is no spatial dilution/concentration effect with time in MCE,

0
90 = q0,0) = (o

) —e(v',t),
(106)

ac
av*

. a . .
where e(v*,t) is equal ( ) wherever and whenever (—C) is redundant, but is equal to zero at
t t

ov
all other v* and t.

ac.
a

Just as redundant nonzero values of ( S*) are found where s* reflects the location but not the
t

. 0 0 .
sign of (a—i) , redundant nonzero values of (aTC) are found where v* reflects the location but not
t t

the sign of (Z—;)t. Furthermore, given that (aa;*)t — (g—g)t (;—i)t (Equation 102) and given that, as

will be shown, (:f

v*

. . dc dc
)t cannot be less than zero (Equation 120), the signs of (g)t and (av*)t must

dac

9

be the same, or (

)t and (%)t must both equal zero. Thus, (;:*

) is essential if the signs of v*
t

] ac\ . . . d . .
and (676) are the same, and (ﬁ) is redundant if the signs of v* and (é) are opposite. This
t t t

distinction provides the basis for a test parameter,

i dc
Qv =V <6v*)t '

(107)
If Qe >0, (%) is essential and e(v*t) is equated to zero, but if Qv+ < 0, e(v*t) is equated to
t
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)
av* t.

Nonzero diffusion coefficients and concentration-dependent transport affect g(v*) and g(s*)

identically, and thus render g(v*) at least somewhat dependent on time.

ac
v

Nonzero diffusion coefficients cause the peaks and valleys of (a

*

) and g(v*) to sharpen with
t

time. As the range of v* occupied by a transition region of G(v*) coincides with the breadth of a
corresponding peak or valley of g(v*), nonzero diffusion coefficients also cause transition regions

of G(v*) to sharpen with time. The effect is due to the fact that the range of v* (Equations 124 and

125) narrows in proportion to % , while the range of € encompassed by a diffusing boundary
region broadens in proportion to % in the simplest, concentration-independent case (van Holde,

1985). (In terms of ¢ as a function of € and t, a boundary region can be defined as any region

within § where

(g—g) | # 0 attime t.)
t

In the simplest case, compared to a concentration-independent system, concentration-dependent
transport simply adds a time-dependence to the weight-average positions of the peaks and
valleys of g(v*). Concentration-dependent transport may also skew the shape of a peak or valley,
and a chemical reaction can render the area of a peak or valley time-dependent. Where
concentration-dependent transport results in the MCE-equivalent of Johnston-Ogston effects, the
number, position and magnitude of peaks and valleys in g(v*) can differ from that which would
be seen otherwise. Any effect of concentration-dependent transport on g(v*) results in a

corresponding effect on G(v*).
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Equations of continuity and mass flow

The continuity equation for electrophoresis in a system with rectangular geometry can be

written as

G0, =~ (G
(108)

where I is the total mass flow of all solutes.

In terms of D and u, the gradient-average diffusion and weight-average electrophoretic mobility

coefficients, respectively, for all solute components,

I E D<6C)
=uEc—-D|==]) ,
o€/,

(109)

where the electric field, E, is a function of concentration gradients, electrical current, cross-
sectional area and conductivity, which, in turn, is a function of the concentration, valence,
electrophoretic mobility coefficient and diffusion coefficient of each solute (Equations H5 and H6
of Moody, 2011b). The diffusion coefficient (Equation A21, Moody, 2011b) of each solute and the
electrophoretic mobility coefficient (Equation A22, Moody, 2011b) of each solute are dependent
on the concentration of each solute, and the latter coefficient includes a term that is proportional

to the solvent velocity (in the system frame of reference) divided by E.

.. . . .. d
The continuity equation in the limit as (a_z’) approaches zero

t
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In regions of the system where (Z—C) = 0, which condition can only persist if (au—E) = 0 wherever
$/¢ 0¢ /4
(6—6) = 0, Equations 108 and 109 lead to
¢/,
. (BC) . [ <6uE) E (GC) l 0
im |=—) = lim |[—c|—==) —uE(==) |=0.
ac at ac 0 d
(B e (el VTN
(110)

To describe this condition in detail, let the lowest and highest spatial positions of a region where
Equation 110 holds be denoted as &min and &max, respectively, where, in general, Emin and Emax are
time-dependent. Within a time-dependent region where Equation 110 holds, which is to say,
within Emin < € < &max, ¢ = cp, Where ¢p is the time-independent plateau concentration. The plateau
concentration is the total concentration of all solutes within Emin < § < &may, and its time
independence stems from the rectangular geometry of the system. For as long as the plateau

. . a . . a . . .
region exists, (a%?) = 0, and wherever it exists, (%)f = 0. As c = ¢p in a plateau region, it can be
t

dc

stated that, in general, ( o

)g = 0 wherever (Z—:_) =0.
t

In MCE, the initial time, to, can be equated to the time at which the electrical current starts to
flow. For the systems considered here, the current is assumed to be constant from to on, and to is
equated to 0. It is further assumed that, at to, at all §, c = co, where co is the initial total
concentration of all solutes. Thus, cp = co at to, at which time, Emin = &m and Emax = &, where §m = 0
is the spatial position of the upper membrane (analogous to the meniscus position in AUC), and

&b is the spatial position of the lower membrane (analogous to the base of the system in AUC).
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. , , 0
The equation of mass flow in the limit as (é) approaches zero
t

In the limit as (g—;) approaches 0, Equation 109 reduces to
t

lim [ = cuf.
) -0

(38),

(111)

The mass flow, |, is equal to cv, where, in the system frame of reference, v is the weight-average

velocity of all solute components at t and €. Expressing v as Z—i, and dividing Equation 111 by c,
results in
d
lim v= —f =uk.
R
¢/,
(112)

Wherever (E) =0, (au—E) = 0, in which case, if the functional form of the t-dependence of uE
2¢) 25 /,
were known, Equation 112 might be solved by separation of variables and integration. Such a

solution would take the form of

fv tV
fdgz uEdt,
0 t

0
(113)

where & would be the extreme radial position away from which a hypothetical solute with an
electrophoretic velocity of uE would travel, and at time ty, & would be the radial position of the
transition in the concentration of that solute in the limit as its diffusion coefficient approached

Zero.
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ac

9

ac
ot

ac

As (6uE)t = 0 wherever ( 3t

o )t =0, and as ( )E = 0 wherever (

)t = 0, it follows that (a;‘—tE)f =0

wherever (g—;) = 0. Given that Equation 113 applies to a plateau region, uE can be factored out of
t

the integral on the right-hand side, and the equation can be evaluated. Outside of a plateau
region, however, c will depend on time, and thus uE will usually depend on time. To find a
solution that applies anywhere in the system, uE is redefined in such a way that the entire system
can be described in terms of hypothetical solutes that exhibit neither diffusion nor a dependence

on concentration.

As the relationship between uE and t is complicated, Equation 112 is solved using the same
approach applied to the similar problems presented by Equations 13 and 20. The c-dependent
parameter, uE, in Equation 112 is replaced with an infinite number of c-independent, and
therefore t-independent, v* values, resulting in an infinite number of integrals, each of which

applies to a hypothetical solute, and each of which is given by

gv* tV*
de =v* | dt,

o to

(114)

where & is the extreme radial position (&§m for v* > 0, and &, for v* < 0) away from which a
hypothetical solute of electrophoretic velocity coefficient v* travels, & is the spatial position of
the transition in the concentration of that solute in the zero-diffusion limit, and ty* is the time that

corresponds to the location of that transition at &+

For each such hypothetical solute, & = &, if v* < 0, and §o = & if v* > 0. At time ty+, at spatial
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position &, each such solute exhibits a transition in concentration from 0 to cpv+, where cp v+ is
the time-independent plateau concentration of that solute. Thus, at any time, cp v+ = cov+, where
Co,v+ is the initial concentration of the hypothetical solute throughout the system. (In AUC, the
plateau concentration of each hypothetical solute has a time-dependence described by Equation
74 or 75.) At any given time, the concentration of such a solute could be described by a step
function equal to 0 from & to &~ and equal to cp,y+ from &+ to the extremity at the opposite end of

the system from &o. (The extremity at the opposite end of the system from & is &m if §o = &, or at

& if &0 = &m.)

The right-hand side of Equation 114 evaluates to v*ty+, and the left-hand of Equation 114
evaluates to &+ -&o. Solving for &+ yields

$vr = S0 + ULy,
(115)
which describes the boundary position (the transition point of the corresponding step function)
that would be observed for a purely hypothetical solute characterised by an electrophoretic

velocity coefficient of v¥, in the limit as D* (the solute’s diffusion coefficient) approached zero.

If an analytic solution of Equations 113 existed, it would only apply to a plateau region. In
contrast, Equation 115, which is the analytic solution of Equation 114, can be applied to the
entire system. Thus, a description of the whole system is gained at the remarkably low cost of
having to cast that description in terms of an infinite set of imaginary, nondiffusing,

concentration-independent solutes.

Equation 110 shows that ¢, v+ = coy+ as long as the plateau region of which cp+ is a part persists.
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On that basis, and on the basis of Equation 115, the relationship between the plateau
concentration and the boundary position of a hypothetical solute of electrophoretic velocity
coefficient v*, in the limit as D* approaches zero, can be described by

0 at {E <&y =& vty forvt > 0}

_ E>E =& + vt forv' <0
o = E28 =&n+ V't forv' 2 0}

Cpv* = Copr Al {f <& =& +vit, forv' <0

(116)

Equation 116 describes cy+ as a step function with a time-independent height of cpyx = co,v+, and a
time-dependent transition at & + v*tyx (Equation 115), where § = &y, for v > 0, and & = &, for v*
< 0. Over time, for v* # 0, the region in which cy» = 0 expands from & to & + v*ty« While cy+
depends on & and t, cpy+ is time-independent and equal to coy+ at all § > & + v*ty« (Equation 115).

. 6Cp »*
Thus, in general, ( 5 g

dc *
) = 0and (%)E = 0. As there is an infinite number of v* values, at any
t

given time, there is an infinite number of step functions, each given by Equation 116. The sum of

all such step functions at a given time yields c as a function of r at that time.
Transforming the independent variables from £ and t to v*and t

Solving Equation 115 for v* yields

(117)

For each time, t, the set of all spatial positions, §, is now equated to the set of boundary positions,

&+ needed to transform the independent variable & to the independent variable v*. Replacing &+
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and tv+ of Equation 115 with § and t, respectively, results in

f = 50 + U*t ,
(118)
which, solved for v*, yields
§—¢p
i h_ ) =0
t E _tfm >0

(119)

Att > 0, v*is a function of t, € and &, such that v* < 0 for § > &, v* =0 for § =&, v* > 0 for & <&,
and for a given value of € - &, |v*| decreases as t increases. As &m and &y, are the two possible
values of &, at a given t > 0, for each spatial position & within &y, < € < &, there are two values of
v*. For each spatial position § within {m < § < &), at a given t > 0, there is one negative and one
positive value of v*. For £ = &y, one v* equals zero and the other is less than zero at any t > 0. For
¢ = &, one v* equals zero and the other is greater than zero at any t > 0. At a given t > 0, the

minimum value of v* occurs where § = &, and & = &, while the maximum value of v* occurs
where & = &, and & = &m. At to, v* is undefined for all €. As can be seen by equating — (%) to
f_fm

— and solving for &, there is one spatial position, £ = @, for which, at any given time, the

positive v* equals the absolute value of the negative v*.

Determining q(v*t) from (%) , and expressing g(v*) in terms of q(v*t), fand t
t

Differentiating Equation 118 with respect to v* at constant t yields

(af*)t -k
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(120)

As t cannot be less than zero, Equation 102, which states that (aa;*) = (Z—;) (aaj) , shows, in
t t t

combination with Equation 120, that the signs of (aavc) and (g—g) must be the same atall t > 0.
t t

ac
at

The relationship between q(v*t) and [(%)f — ( ) ] of Equation 105 becomes clear once (:;)E
v

has been expressed in terms of v* and t. Solving Equation 118 for t and differentiating with

respect to v* at constant ¢ yields

(121)
As t cannot be less than zero, Equation 121 shows that the signs of (%)f and v* are always

opposite. Given this, and given the relationship (Equation 107) between v* and essential nonzero

0 . . . 5} .
values of (676) , it follows that the sign of any essential nonzero value of (ﬁ) and the sign of
t t

(aa;*)s must be opposite at any time after to. Thus, in Equation 105, which states that (:UC) =
t

[(%)5 — (%)V*] ( ot )f' the difference, [(%)E — (%)v*], must be less than zero for all essential

av* at

dc
nonzero values of (5) , and must be greater than zero for all redundant nonzero values of
t

)
av* t.

Concentration change across a transition point (&,+), and concentration within a v* range

A real boundary may encompass multiple species’ boundaries, each of which is broadened by
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diffusion and affected by the concentration of each species present. In g(v*) analysis, such a
boundary is modeled as a set of hyper-sharp transitions in concentration, where each transition
corresponds to a hypothetical solute characterised by a concentration-independent velocity

coefficient of v*, an initial concentration of coy+ and a diffusion coefficient that approaches zero.

At a given time, t, the difference in the detectable concentration between two adjacent plateau

regions separated by a boundary is Ace, where the subscript e indicates that e(v*t), which are the
redundant values of (%) , are included in the calculation of the quantity. In contrast to its AUC
t

counterpart (Ac; of Equation 33), Ace is a time-independent quantity, provided that it is

calculated for a region in which (%) is unaffected by overlapping boundaries of oppositely
t

directed solutes. For a boundary located between §,,: ~and$,:

Vabove ( dc

Ace = 6v*> v’
t

1le;elow
(122)

where vy, 0, and vgpope are calculated from §»  and ¢, respectively, using Equation 119.

ac) = 0. If all v* are less than

In the plateau regions just below v, ,,,, and just above v ,ve, (ﬁ
t

zero within vy, < V* < v,

abover s would be the case for §,« = §max of the plateau for which c

is higher, Ace will be less than zero. If all v* are greater than zero within v;;,, < V* < v, ,pe, aS
would be the case for ;- = &min of the plateau for which c is higher, Ace will be greater than

zero. (Respectively, Emin and §max are the lowest and highest spatial positions of a region where

Equation 110 holds.)

The cumulative concentration of detectable solutes that can be characterised by v* within vj,;,,,
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< V¥ <V pove 1S

V;bove
Ac = j lg(v")|dv*.

Vhelow
(123)
The result cannot be less than zero. If v, < V* < 153, €ENCOMpasses an entire peak or valley
of g(v*), Ac should, in the absence of overlapping boundaries of oppositely directed and
detectable solutes, be time-independent for concentration-independent systems, as well as for
concentration-dependent systems in which the solute concentrations are not altered by chemical

reactions.

The range of integration in Equation 123 can be extended to the extrema of v*. The extrema in v*

are inversely proportional to t. At time t,

(124)
is the minimum value of v*, and

fb _fm

Vix =
(125)
is the maximum value of v*. As noted with respect to Equation 119, each spatial position gives
rise to two v* values. At § = &y, v* = v, for & = & (Equation 124) and v* = 0 for & = &pn.
Likewise, at § = &, v* = v}, for & = &m (Equation 125) and v* = 0 for & = &,. With the integration

limits of Equation 123 set to vpe1on = vy and vgpepe = Vi, Acis equal to the apparent value of co,

dac
av*

which is to say, the apparent initial concentration of all solutes that contribute to ( ) , and thus
t

contribute to g(v*).
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The range of integration in Equation 122 can also be extended to the extrema of v*, and with the
addition of an offset, can be used to reconstruct c as a function of v* and t. At any given time, t, the
concentration at v* = vy, , < 0 is given by

fv;;eg dc p
c=c_,+ ( *) v,
x v av t

-X

(126a)

and the concentration at v* = vy,; > 0 is given by

[ () o [ () o = e [ () a0
c=rc_ v v*=c¢ v,
x pr N0V o ov*/, o), ov*/,

(126b)
where, at time t, c_, is equal to c corresponding to v*in the limit as v*, is approached from above,
and ¢y, is equal to c corresponding to v*in the limit as 0 is approached from above. The offsets,

c_, and ¢y, should be equal.

Experimentally obtained data can be complicated by optical artefacts near &y and &, as well as by
inaccuracies wherever the solute concentration is outside the suitable range of the detection
system, and over time, unsuitably high solute concentrations are likely to develop toward &y, or
&b. Outside of some well behaved simulations, then, when using Equation 126, the practical range
of v* will not extend to either of the theoretical extrema, v*, or v},. In general, to accommodate
such limitations, the offset of Equation 126a will equal c corresponding to v*in the limit as its
lowest practical negative value is approached from above, and the offset of Equation 126b will
equal c corresponding to v*in the limit as its lowest practical positive value is approached from

above.
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The cumulative distribution function,

G = j 19(B)IdB",

Vr
(127)

permits Equation 123 to be rewritten as Ac = G(V91e) — G(Vperow)- The cumulative distribution
function is a measure of the concentration of all solutes for which the apparent electrophoretic
velocity coefficient is less than or equal to v*, but greater than or equal to v*, at some specific
time. Nonzero diffusion coefficients and concentration-dependent transport render G(v*) at least
somewhat dependent on time. Overlapping boundaries of oppositely directed solutes can render

G(v*) highly dependent on time.
The step function that describes cy+

As previously discussed, at any given time, the sum of an infinite number of step functions can be
used to describe the total solute concentration at all spatial positions. (Regions of supernatant
and pellet accumulation can be included in such an approach, even though such regions are likely
to be excluded in any g(v*) analysis.) At a given time, t, at a given spatial position, &, cy* (Equation
116), the concentration of a hypothetical solute characterised by v*, can be expressed as

_ Cp,v[l - H(f - fv*)] fOT' v <0
“r = { o H(E = &) for v* =0 }

(128)
where

_(Lforé—¢&,,20
HE =6 ={gTors_ ¢ < of
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(129)

is the Heaviside step function as it applies to € - &+ At time t, &+ is the boundary position of a
hypothetical solute characterised by v* in the zero diffusion limit, and that boundary position is
characterised by a hyper-sharp change in the solute concentration, cy+, from 0 to its plateau value,
Cp,v*. AS Cpy+ is time-independent (Equations 110 and 116), from to on, cpyv+ = cov+ at all £ where cy+
does not equal zero. Due to the time dependence of &+ (Equation 115), however, cy« (Equation

116) is time-dependent.

The sum of all cy+ at a given spatial position and time is equal to c at that position and time. As v*
is continuous within v, < v* < v}, (Equations 124 and 125), there is an infinite number of cy*
values at a given position and time. There are also two oppositely directed hypothetical solutes
that would each exhibit the same boundary position, &+, at time t. At a given time, t, such solutes

are related through

(En =it
S = {fvﬁr =¢m +‘l7_T_t}’

(130)
where the negatively directed hypothetical solute is characterised by

vi:’fvit_’fb<0’

(131)
the positively directed hypothetical solute is characterised by

v::€v1_€m>o’
t

(132)

and the difference between the two v* values for which &,: =&,» = &+ is
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* " *=(€vi_€vi)+(€b_€m)=fb_fm

Avy =vi —v’
T o t t

(133)
(The equation describing Av} can also be obtained by equating the two expressions for & in

Equation 130, and solving for v} — vX.)

As (fvi - Eb) and (Evfi — Em) are proportional to t, v> and v} are time-independent. As (¢, — &,)

. % s . . . : ov:
is a constant, Av} is inversely proportional to t. At any given time, then, (_;t )f =0and
ovy oAV} Avy . . % "
(E)g = 0, but (a—t—)f =—— Any derivatives of v}, vZ or Av} at constant t are equal to zero.

Given Equations 131 and 132, which describe the two oppositely signed v* values, v* and v}, that

characterise the two hypothetical solutes with oppositely directed boundaries at §¢x = §» = &+ at

time t, Equation 128 can be rewritten as

o {CU:} _ {cp,vi[l —H(¢ - fvi)]} _ {cp,vin —H(E —[&, + vjt])]}
VIS T puH(E-6s) S U comHE —[Emtvith J

(134)

where, at any given time, ¢, is the §-dependent concentration and ¢, ,- is the §-independent
plateau concentration of the hypothetical solute characterised by vZ, while ¢, is the §&-dependent
concentration and ¢, . is the §-independent plateau concentration of the hypothetical solute
characterised by v}. As ¢, ,+ and ¢+ are t-independent, ¢, ,» = ¢g > and ¢, = g7 atall times.
Nevertheless, ¢,» and ¢,; are t-dependent by virtue of the t-dependence of ¢+ and §,-,

respectively.
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At a given spatial position, &, at a given time, t, the sum of all ¢y as described by Equation 134 is

equal to

Cvt=0 Cu:_:v_'_x
= dc, + dey;
C,,x *x CV*

V_=v_

vt =0 €oy=ri
= [1 - H(f - [gb + vjt])]dcp,vi + f H(E - [Em + vit])dcp,vi
Cyr=p* Cv* =0
(135a)
in the continuous case, and
0 Vix 0 Vix
c= D et ) ap= ) Guull—HE = (6 + D]+ ) 6 H(E — [ + vitD
vi=vl, vi=0 vi=vl, v;=0

(135b)

in the discrete case.

If Equation 135 were used to differentiate c with respect to v* at constant t, or if Equation 102

were applied to Equation 135, only the essential values of (%) would be obtained. To obtain
t

d . : . :
the redundant values of (aTC) from c described as a function of § and t, the step functions in
t

. : : : ]
Equation 134 must be written in terms of the v* values at which (ﬁ) would be redundant.
t

Doing so results in

. = {Cvi} _ {Cp,ui[l —H(¢ - fvi)]} _ {Cp,vz[l —H(E - [En+{v: + Av;}t])]}.

CpyH(E = $0y) cpuyH(E = [& + {vi — Avi}t])

Cvi

(136)

At a given spatial position, &, at a given time, t, the sum of all ¢y as described by Equation 136 is
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- j P 1= HE = [6n + {v7 + Avi}e]) ey

Co k%
vEi=vl,

Cyx =vix
[T - (6 + 5 - avie)dey
C

(137a)
in the continuous case, and

X
0 Vix

= 3 e Y

* =¥ *
vi=v_, v:=0

0
= N et~ H(E ~ [ + o2 + A0 e])

+ ) cpuiH(E = 8 + {1 — vie])

*
v:=0

(137b)

in the discrete case.

Equations 135 and 137 both describe c as a function of € and t, and either can be used to

. 0 } 0
determine (—c) , but both are needed to determine (a—c
t

. dc .
PR )t. The two expressions for (—) will be

&/,

v*

ac

obtained first, and to obtain ( 5

Go),

While cy+ depends on § and t, cpy+ is time-independent and equal to coy+ at all § > & + v*t

) , Equation 102 will then be applied to both expressions for
t

v*

an'v*

dc v*
(Equation 118). Thus, in general, ( T: ) = 0 and (%)E = 0.
t
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As ¢ppr = Cop+ atall § where ¢, does not equal zero, and ¢, ,: = ¢q,; atall § where ¢, does not

acy, 9cy 4 . . .

equal zero, (%) =0and (Cap—s'(‘) = 0. Thus, differentiating c with respect to € at constant t
t t

yields, using the discrete form of Equation 135 to express c,

((0cy
° - 3 (2 v} 2 <55> —Cpw26(§ = o
(g_g) - Z (agf )t * Z < ;f >t } <a"’%)t B % (f’cvi)t }} 2{0:215(2955— fj:))}
t

b pr=vr, v1=0 k ?

_ {_Cp,vicg(f - [fb + Uit])}
B Cp,v.’;_5(€ - [fm + U_T_t]) '

(138a)

or, using the discrete form of Equation 137 to express c,

t K ¥ t *
vi=vl, v;=0
¢

y ((9cu:\
- 565 e |-
_ {—cpmi5(§——[&m—k{vii—Av;}ﬂ)}
cpwi8(§ = [8 + {vi —Avie]) )

(138b)

where, in either case, for &+ = &,: or § = &y,

OH(¢ — fu*)) _ {00 for&—¢&, = 0}
0¢ Oforé—¢&,#0

6(5 - fv*) = <

(139)

6CV*

is the Dirac delta function as it applies to § - &+ The sum of all (F) at a given spatial position
t

and time is equal to (a_z’) at that position and time, and as with cy+, there is an infinite number of
t

(aacg*) values at a given spatial position and time. However, as 6(§ - &+) = 0 except where § = &,
t
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. - ac\ . , ac,
at any time t, and at any position §, (a—g) is equal to just the two nonzero values of( ;; ) for
t t

a * 6(: *
which € = &+, those being ( ;':;) and ( 5t ) Hence, starting with either form of Equations 135

0 . . . .
or 137, (é) yields neither a summation nor an integral.
t

Ca]culating( aa:*) from (Z;)

Applying Equation 102 to the sum of both results given by Equation 138 yields

d vi
(2) _ (@) (ﬁ) - <6i) o %f<ac_€>tt\$ ) {_cp,vi5(f—5v:)t}
ov-), ~\ag) \av+), = \ag ) £ = k<00_v:> y " cpu (€ — &2 )t

{—cp,,,i [6(6 = [&p + v2t]) + 8(€ — [ém + {v2 + Avi}t])]¢ }
Cpwi [6(E = [Em +vit]) + 8(& — [& + {vi — Avi}e])]e

{—CO,M(@‘ — & + v2tDt = €02 8(§ — [ +{v2 + Av;}t])t}
Cowy 8§ — [§m + VitDt + €00y 8(8 =[S + {vi — Avi}t])t

(140)

where use has been made of the fact that ¢, ,» = ¢+ and ¢y, ,z = ¢ p1-

The properties of the Dirac delta function are such that

oH(v* — B* OH(E — &)\ /0
60%_3*):< (vwl?v :< ¢ €)><ai>::6@_f”t
t t t

) Fl;

(141)

As applied to c and ( ) in both the Heaviside step function, H(v* - §*), and its Dirac delta
t

function, §(v* - B*), B* will be shown (Equations 146 and 149) to be one of the two values, v}
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and vZ, that characterise the two hypothetical solutes with oppositely directed boundaries at &
= §;+ = &+ attime t (Equation 130). Thus, in Equation 140,

—Cop26(§ = [Sp + VItDt = =g 6(v* —vI) = q(v2, 1),

(142)
Cov;.8(§ — [Em + vitDt = copy 6(v™ — v1) = q(v3, 1),
(143)
—Cop2 0(& = [Em + {v2 + Avilt])t = = 8(v* — {v2 + Av}}) = e(v2, 1)

(144)

and

Covi8(& = [& + {vi — Avit])t = coms8(v* — {v} — AVL)) = e(v], 1)

(145)

In Equation 144, {vi + Av;} is equal to the value of v} that shares &+ in common with v*, such
that & =&, + {vi + Av;}t =&, + vit. In Equation 145, {vi - Av;} is equal to the value of v

that shares &+ in common with v}, such that &+ = &, + {vi - Av;}t= Em + VL.

The step-function form of c as a function of v*and t

For c expressed as a function of v* and t, ¢y is the concentration of a hypothetical solute
characterised by v*. In transforming the independent variables from § and t to v* and t, c at each
spatial position § becomes equal to c at the two corresponding values of v* given by Equation
119. At any given time, for c expressed as a function of v* and t, ¢, is the v*-dependent
concentration and ¢, ,- is the plateau concentration of the hypothetical solute characterised by

vZ, while ¢, is the v*-dependent concentration and ¢, ,: is the plateau concentration of the
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hypothetical solute characterised by v}. As ¢, ,» and ¢y, ,+ are t-independent, ¢, ,» = ¢+ and
Cpwi= Cop; atall times. Nevertheless, ¢,- and ¢;;, as they appear in the equation describing c as a

function of v* and t (Equation 146), are t-dependent by virtue of the t-dependence of v*

(Equation 119) and Av} (Equation 133).

At a given apparent electrophoretic velocity coefficient, v*, at a given time, t, the sum of all ¢+ is

equal to
Cyr =0 vi=viy
= j dc, + j dcy:
Cv*_—v* Co* _
Cyr =0
= f {[1 —Hw —v)]+ [1 — H(v* — {vi + Av;})]} dcppr
Cor=v*,
Cyx =v}x
+ j T — v + H(v — (v — Avi))} depas,
Cv% =0
(146a)

in the continuous case, and
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0 Vix
c= Z Cyx + Z Cy
vi=vl, vi=0
0
= Y Guelll=HE" = v+ [1 = H(v" - o7 + Av3))])
vi=v’,
Vix
+ Z cp,vi{H(v* -vi)+ H(v* - {vi - Avi})}
vi=0
0 0
= Z Cop:[1—H@" —vI)] + z Co,vi[l — H(v* — {vi + Av;})]
vi=vi, vi=vl,
Vi Vix
+ Z CoprHW" —v}) + Z covs H(v* — {vi — Avi}),
;=0 ;=0

(146b)

in the discrete case. The value of v} that shares &+ in common with v* has been expressed as
{vi + Avf_L} in the integral with respect to c,+ or the sum over all v*. The value of v that shares

&+ in common with v} has been expressed as {vi — Av;} in the integral with respect to ¢, or the

sum over all v}. The integrals or sums in which [1 - H(v* - {vZ + Avi})] and H(v* - {v} - Avi})

appear will give rise to the redundant values of (%) , while the integrals or sums in which [1 -
t

H(v* - vX)] and H(v* - v}) appear will give rise to the essential values of (aavc*) .
t

The Heaviside step functions in Equation 146 are described by

. w_ (Lforv'—p*=0
H(v _ﬁ)_{Oforv*—,B*<0}’

(147)
where * may equal v, {vi + Av;}, v} or {vi - Av;}. The corresponding Dirac delta function is
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given by

() () - () G, - G- ()

afs ey @ forvt =BT =0
=38 _ﬁ)_{Oforv*—,B*;tO}’

(148)

av*

hr(
where (-~

)t = 1 and, for * equal to vZ, {vi + Av;}, v} or {v."; - Av;}, (Z—ii)t = 0. The

relationship of 8(v* - *) to 6(€ - &), is described by Equation 141.

0 * 0 * acy 9cq . dcy px
Applying Equation 102 to (%) = (=2=) =0and < . +) =( C;;) = 0 yields (=22 =
t t t t t

Oy \ (0F a p,v*) (6Cp,v*) ¢ : : :
D, — + — + —
(_af )t (—)t = 0 and ( v )= . (—)t = 0, respectively. Thus, using the discrete form

of Equation 146 to express c,

. <acvi>
0 Vix
(6C) _ dcy,* N dcy: :<acv*) :J av* fl
ov*/, Z ov* Z ov* ov*/, dcy;
vi=vi, t  vi=0 t

_(~cppr [ —vE) + 8(v* — {vZ + Avi})]
Bl { oo [0 —vi) + 8(v — {vi — Avi})] }

—Cop: (V" — v2) — ¢ 8 (v° — {v2 + AV}})

={ }={q(vf,t)+e(vi,t)}
Copr0(V* —v3) + CO,U15(U* — {v_‘; — Av;})

q(vi,t) +e(i,t)
=qv*t) +e(vt),

(149)

where q(vZ,t) = —cop: (v — V1), q(vi,t) = ¢y (v — i), e(VL, 1) =

—cop:8(v* — {v2 + Avi}) and e(v], t) = ¢, 8(v* — {vi — Avi}). Equations 126 and 146 both

describe c as a function of v* and t. Equation 149 describes the integrand of Equation 126.
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Back-calculating ( a;) from ( aa;* ) ,

Applying Equations 102 and 120 to Equation 149, and using Equations 119, 131, 132 and 133 to

express v¥, vX, v} and Av}, respectively, in terms of t, §, & and &m, yields

f<6cvi> l\
* . a *

(29), - (29),(22) - () 2o
5

av* /. ?)

[6(v — v )+5(v —{v +Av+})]

( CO vi

CO v+

\

(_CO,vi 5 f_fb_fvi_fb S;_fm fvi_’fb_l_’fb_gm
t t t t

Covi 5 §—&nm gvi_fm Iy b €v+_€m_§b_gm
t t J

[6(17 —vi)+ 5(17 - {v+ Avf_L})]

A

Lt t <

f_ Cov* I (E fb 'fv_ > +8 (’E 'Em fv_ fm)l
N L
=) CO,v+ §—Sm _ v+ fm s § — gb f'7+ $b

S J

f_ Covx l8 (E - Evi) i <E - 5171)] \L q(vz,t) 4 e(v:,t)
t t t _ t t
B (17+, t) e(v+, t) ’

0,v} §— Ev_,_ f_fvi q H H
() () B

where, when expressing v* in terms of t, € and &, & is equated to the only one if its two possible

A

(150)

values, &m or &, that can yield a nonzero result for the Dirac delta function in which it appears.

The entire exercise is somewhat futile, however, as once v*, vZ, vi and Av} are expressed in
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terms of t, §, & and &m, information by which q(vZ,t) can be distinguished from e(vZ,t), or q(vi,t)

can be distinguished from e(v},t), is lost upon simplification.

, 0 0 , ,
Expressing (a—i) and (a_i)f in terms of step functions
v*

Differentiating c with respect to t at constant  yields, using the discrete form of Equation 146 to

express c,
0 Vix
dc acvi acvi
(%)5= Z <at> +Z<6t>
vi=vl, ¢ +=0 3
0 st * * * * *
o, ((5) 10 =m0 =01+ o oz v+
B Z k (a{[1 —~H@ —v)]+[1 - H(v" — {v: + A@})]}) |
VI=vix |\ Cot
St ot £ /
dcos;
vix ( a;) {(Hw" —v) + H(v" — {v; — avi])} +
§
D R T )
+ CO,S+ ot ;
= Cos* vti [6(v* —v2) +8(v' — {v> + Av}})]
— Cost % [6(v —vi) +6(v: —{vi — Avi))].
(151)

ac

Equations 152 to 157, which follow, describe all the individual terms used to determine (at)g'

At constant &, the time-derivatives of the Heaviside step functions of Equation 146 are given by
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OH(wv" —pB")\ _ (0H(w" —p")\ (0(v" — ") 5(v°
ot f" ov* ; ot s"

s[5 >l=—acv*—ﬁ*>1%*+

e ﬁ)lﬁ )]

G

‘"’a’f)gl

(152)

*

ov
where (
at

)g is equal to the inverse of Equation 121, and where 6(v* - f*)v* can be equated to

S(v* - B*)B* on the basis of §(v* - *) being equal to zero for all v* # *. As in Equation 147, *

may equal v, {vi + Av;}, v} or {vi — Av;}.

As vX (Equation 131) and v} (Equation 132) are time-independent, where * equals v* or v},

(aa_vt*)g = 0. As Av} (Equation 133) is equal to a constant divided by t, however,
(61)*) _ Avg
ot /et
(153)

Thus, where * equals {vi + Av;},

033] ~5(v* —{v* +AVJ)r +Aw:*€3?jJ

v+ Avi Avi]
t

~5(v" — B") [§+ (

= (v — o2 + i) [ = (v — (v + Avi}) =
(154)

Similarly, where B* equals {v; — Av}},

. a* —Avi  (9Av;
—6(v*—ﬁ*)[ﬁT+ £)l:_6(v {v+_Av+})l - _< af—>fl

—Avy Av}
s+

— _5(v* __{v+__Av+})[ ; :-—6(v*__{vi-Av£})%;
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(155)

As ¢+ and ¢g 1 are time-independent,

(156)

and

(157)

Indirect determination of (%)
U*

Incorporating the expressions for( ) (Equation 149), ( ) (Equation 151) and( ) (the
inverse of Equation 121) in Equation 105, and solving for (%) o results in
v
((’?C) _ (6c> (6C) (617*)
ot/»  \at/g \ov*/ \ ot /¢

*

= {eose Z[80" = v) + (v = (v + Av3})]

v*
~ Cos, 2 [500" — v3) + 8(v" ~ (v — avi))]}

*

Cov- = [5(1) —v)+ 8w —{v: +Av+}) 1+ ;

k—co,,,_*F UT"L [5(1)* —v)+8(v —{v; - Av+}) 1 - vi ])

Av+

—{v2 + Av};})
A )
—Cov 7_5(17* — {vi —Av})
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(158)
where
dcy\ (0v"\ J(%ﬁ;)t (?:);l
(W)t (E); B dcyr av*
l( 6v*>t ( ot )gJ
_ Jf—co vt lc?(v* —v’) (?f)g + 5(17* - {vi + Avi})( ) l L
l Co vt [5(1} —v}) (6(,;1*)(f +6(v' = {v; — Avi}) ( ) J
_ {—CO,, [6(v —vl) (_v*?*) +6(v —{v: + Avy)) ( vf*>
Cou: 5(17 v (=2 + (v — {vi - avi)) (- ”7)]
B 5(v —v)v* +6(v* — {v: + Avi}v]
) —Cowi T 5(v —vi)v' +6(v' — {vi — Avi})v7]
{ o~ [6(17 —vHvi + 6(17* - {vi + Av;}){vi + Av;}]
—Cowt % [6(17 —vi)vi + 6(17* — {vj‘, — Av;}){vi — Av;}]
) {f f—v) +6(ve —{v: + Avi)) < A:;)] \L
L_CO v —-vi)+ 6(17 - {v+ - Av+}) (1 - A;})]J
(159)

In Equation 159, the value of v* obtained from (aa—f)f is equated to the only value of v* at which

the Dirac delta function it multiplies is not equal to zero.

. . . 9
Direct determination of| (a_i) )
v
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At constant v*, the time-derivatives of the Heaviside step functions of Equation 146 are given by
OH(v* — B*) OH(v* — B*) o(v* — ") . oV ap*
ot T as d =0(s _C)Ka ) _( )]
U* S V* t 'U* t 1.7»< U*

Jt
= s =-plo- (), | = -se - (G

B ot ),,* '

As in Equations 147 and 152, * may equal v, {vf + Av;}, v} or {vi — Av;}.

(160)

Again, as v (Equation 131) and v} (Equation 132) are time-independent, where * equals v> or
. (08
+ ( at

) _ = 0. And again, as Av; (Equation 133) is equal to a constant divided by t,
" +

t ot
(161)

<6Av;) _ Avy <6Av;)
at /., B B £ .
Thus, where * equals {vi + Av;},

)

—6(v*-—{vi4—Av;})(aAv;>§

at

—5@*—ﬁﬁ+A¢QH}A?1
= (" — ot + di)) 22
(162)

Similarly, where [3* equals {vi — Av;},

Jt

—=5(v* = {v; — Avi}) [_ (62’;;>S]
—8(v* — {v; — Avi}) A:;'

5w — (o3 — di) [

t

(163)

As ¢+ and ¢ 1 are time-independent,
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aCO,vi —0
at )
v

(164)

and

(165)

Using Equation 146 to express c, and applying Equations 160 to 165, yields the same result for

(%) _ as that obtained in Equation 158. A comparison of Equations 151 and 158 shows that (%)E
v

ac
at

differs from (%) _solely with respect to the Dirac delta functions. In (_)E (Equation 151), the
v

Dirac delta functions that contribute to the peaks and valleys of q(v*t) and e(v*t) are multiplied

by either v} or vX.In (%) _ (Equation 158), there is no Dirac delta function that would
v

contribute to the peaks and valleys of q(v*t), but the Dirac delta functions that contribute to the

peaks and valleys of e(v*t) are multiplied by Av}. As Avy = v} — v’ (Equation 133), (%)
- —_ U*

makes a higher magnitude contribution to the peaks and valleys of e(v*,t) than (%)E does.

Calculating g(v*) in terms of step functions

Subtracting e(v*t) (Equations 144 and 145) from Equation 140 yields
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((0cy: \
v* —e(vi,t)
t

£\ * _ acv* % _ dv _ _CO,vi6(5_[€b+vit])t
Mv)—ﬂvmy«ggl—dv¢%4 dcy; dwﬂ}_{%ﬂaa{%+wmﬁ}
v ), =7

~{ciot

(166)

Subtracting e(v*t) from Equation 149 yields

( acvi ( t) \
dc # <6v*> — A } —Co 0 (V* — V)
) —e(v*t) = t = { ' }

av* Copr (V" —v})

g =00 =

~{ioro}

(167)
Normalising v*and g(v*) for electric field strength

Given an estimate of the electric field, E, the apparent electrophoretic mobility coefficient can be

calculated as

(168)
which normalises v* for E, while the distribution function of the apparent electrophoretic

mobility coefficient,

gw’) = g(w)E
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(169)

normalises g(v*) for E. Estimating E is complicated by its dependence on many parameters, some
of which can vary with spatial position and, prior to the system achieving steady state, are likely
to vary with time. Nevertheless, given the current, i, the cross-sectional area of the system, A, and

the conductivity of the solution , a first approximation of the electric field can be calculated as

E ~—,
KA

(170)

Using Equations 168 to 170, g(u*) versus u* can be determined for data from a single system
studied at multiple currents, where all conditions except current are the same during the
collection of all data sets. Such a collection of data can be fit in a process that refines the
estimated values of E at each current. Assuming, for example, that the peaks and valleys of g(u*)
versus u* should superimpose, the value of E used to obtain g(u*) versus u* at each current can
be adjusted until the best superimposition is achieved. The fact that E should approach zero as

current approaches zero can be incorporated as a constraint imposed on the fit.
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